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Abstract

We present an efficient reduced-basis discretization procedure for partial differential equations withnonaffineparameter de
pendence. The method replaces nonaffine coefficient functions with a collateral reduced-basis expansion which the
an (effectively affine) offline–online computational decomposition. The essential components of the approach are (i
collateral reduced-basis approximation space, (ii) a stable and inexpensive interpolation procedure, and (iii) an effective a p
teriori estimator to quantify the newly introduced errors. Theoretical and numerical results respectively anticipate and
the good behavior of the technique.To cite this article: M. Barrault et al., C. R. Acad. Sci. Paris, Ser. I 339 (2004).
 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Résumé

Une méthode d’« interpolation empirique » : application à la discrétisation efficace par base réduite d’équations au
dérivées partielles. Nous présentons dans cette Note une méthode rapide de base réduite pour la résolution d’équa
dérivées partielles ayant une dépendance non affine en ses paramètres. L’approche propose de remplacer le calcul des f
tionelles non affines par un développement en base réduite annexe qui conduit à une évaluation en ligne effectivem
Les points essentiels de cette approche sont (i) un bon système de base réduite annexe, (ii) une méthode stable et p
d’interpolation dans cette base, et (iii) un estimateur a posteriori pertinent pour quantifier les nouvelles erreurs introduites. D
résultats théoriques et numériques viennent anticiper puis confirmer le bon comportement de cette technique.Pour citer cet
article : M. Barrault et al., C. R. Acad. Sci. Paris, Ser. I 339 (2004).
 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.
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Considérons une functiong(·;µ) ∈ L∞(Ω) assez régulière. On propose toutd’abord une méthode constru
tive pour sélectionner une suite d’espaces emboitésW

g

M = Vect{ξm = g(·;µ
g
m), 1 � m � M} avecM � Mmax

de dimension exactementM. On construit ensuite des ensembles emboités de points d’interpolationTM =
{t1, . . . , tM}, 1 � M � Mmax, en posant tout d’abordt1 = argess supx∈Ω |ξ1(x)|, q1 = ξ1(x)/ξ1(t1). Puis, pour
M = 2, . . . ,Mmax, on résout le système linéaire

∑M−1
j=1 σM−1

j qj (ti) = ξM(ti), 1� i � M − 1, et on poserM(x) =
ξM(x)−∑M−1

j=1 σM−1
j qj (x), on définit alors le point suivant d’interpolationtM = argess supx∈Ω |rM(x)| et on pose

qM(x) = rM(x)/rM(tM). On approche enfing(x;µ) pargM(x;µ) = ∑M
m=1 βm(µ)qm(x), où

∑M
j=1 βj (µ)qj (ti) =

g(ti;µ), 1� i � M.
Ce procédé d’interpolation peut être justifié. A priori tout d’abord, en introduisant la constante de ty

besgueΛM = supx∈Ω

∑M
m=1 |V M

m (x)| où V M
m est le seul élément deWg

M tel queV M
m (ti) = δim. On peut montre

queΛM est bornée par 2M −1. L’erreur d’interpolationεM(µ) ≡ ‖g(·;µ)−gM(·;µ)‖L∞(Ω) vérifie alorsεM(µ) �
(1+ ΛM)ε∗

M(µ) oùε∗
M(µ) ≡ infz∈W

g
M

‖g(·;µ) − z‖L∞(Ω), ∀µ ∈ D. Comme on le verra (et comme il est classiq
en approximation polynomiale) la borne sur la constante de Lebesgue bien que pessimiste est souvent c
par la très rapide convergence de l’autre terme. On peut aussi proposer une approximation a posteriori
duisant l’estimateur̂εM(µ) ≡ |g(tM+1;µ) − gM(tM+1;µ)|, exact sig(·;µ) ∈ W

g

M+1 et asymptotique dans le ca
contraire.

Le Tableau 1 synthétise les résultats numérique obtenus par la mise en oeuvre de cette interpolation.
le bon comportement de la méthode et des estimateurs sur le casg(x;µ) ≡ V((x1, x2); (µ1,µ2)) ≡ ((x1 − µ1)

2 +
(x2 − µ2)

2)−1/2 pourx ∈ Ω ≡ ]0,1[2 et µ ∈ D ≡ [−1,−0.01]2. La convergence de la méthode est très rapid
la valeur moyennēηM de ε̂M(µ)/εM(µ) modérée.

Cette approche est ensuite couplée avec une méthode de discrétisation en base réduite pour l’approximation
la solution du problème : soitµ ∈ D, trouveru(µ) ∈ H 1

0 (]0,1[2) telle quea(u, v;µ) = f (v;µ), ∀v ∈ H 1
0 (]0,1[2,

oùa est la forme introduite en (1), avecg(x;µ) ≡ V(x;µ) ; etf (v;µ) = ∫
Ω V(x;µ)v.

La méthode en base réduite est alors : pourµ ∈ D, uN,M(µ) ∈ Wu
N est la solution de

∫
Ω

∇uN,M(µ) · ∇v +∫
Ω gM(x;µ)uN,M(µ)v = ∫

Ω V(x;µ)v, ∀v ∈ Wu
N . L’espace en base réduiteWu

N est défini de façon classique p
Wu

N = Vect{ζn ≡ u(µu
n), 1 � n � N} où {µu

n}n=1,...,Nmax est un jeu de paramètres bien choisis etgM(x;µ) =∑M
m=1 βm(µ)qm(x) est l’interpolé « empirique » introduit ci-dessus. Le Tableau 2 présente les résultats d

multiple approximation (base réduite + interpolation empirique) ainsi que la pertinence de l’estimateur a
riori qui peut être construit en combinant l’estimateur précédent sur l’interpolation empirique et les estimateu
classiques en base réduite proposés par exemple dans [6,8].

1. Introduction

We consider a parametrized evaluation problem: Given aµ ∈ D ⊂ R
P , evaluates(µ) = 
(u(µ)), whereu ∈ X

is the solution of a second-order coercive elliptic partial differential equationa(u, v;µ) = f (v), ∀v ∈ X. Hereµ

andD are the parameter and parameter domain, respectively;X is a Hilbert space with associated inner prod
(w,v)X and norm‖w‖X ; Ω ⊂ R

2 is our spatial domain, a point in which shall be denoted(x1, x2); 
 andf are
linear bounded functionals; and, for anyµ ∈ D, a(·, ·;µ) :X × X → R is a coercive continuous bilinear form.

In the reduced-basis approach [1–3,5,6] we first introduce nested parameter samplesSu
N ≡ {µu

1, . . . ,µ
u
N } and

associated approximation spacesWu
N = span{ζn ≡ u(µu

n),1 � n � N} for N = 1, . . . ,Nmax; in actual practice
of course,u(µu

n) is replaced with a ‘truth approximation’ on (say) asuitably fine piecewise-linear finite eleme
subspace of typically large dimensionN . The reduced-basis approximation is then: Givenµ ∈ D, evaluatesN(µ) =

(uN(µ)), whereuN(µ) ∈ Wu

N is the solution ofa(uN(µ), v;µ) = f (v), ∀v ∈ Wu
N . In general,uN(µ) → u(µ)

very rapidly asN increases [2,4].
We now expanduN(µ) = ∑N

j=1 uNj (µ)ζj . The uNj , 1 � j � N , will then satisfy
∑N

j=1 a(ζj , ζi;µ)uNj

= f (ζi), 1 � i � N ; we may subsequently evaluatesN (µ) = ∑N
j=1 uNj (µ)
(ζj ). If a(w,v;µ) is affine in µ,
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a(w,v;µ) = ∑K
k=1 Θk(µ)ak(w,v), then an extremely efficient offline–online computational strategy (releva

the many-query and real-time contexts) may be developed. In the offline stage we formak(ζj , ζi), 1� i, j � Nmax,
1 � k � K; in the online stage we need only assemble and inverta(ζj , ζi;µ) = ∑K

k=1 Θk(µ)ak(ζj , ζi), 1� i, j �
N . The online cost to evaluatesN(µ) is thusKN2 + N3 + N — independent ofN ; sinceN 
 N , large compu-
tational economies can be realized.

Unfortunately, ifa is not affine in the parameter, the online complexity is no longer independent ofN . For
example, forgeneralg(x;µ), the bilinear form

a(w,v;µ) ≡
∫

Ω

∇w · ∇v +
∫

Ω

g(x;µ)wv (1)

will not admit an efficient online–offline decomposition. In this paper we describe a technique that recovers
N independence even in the presence of non-affine parameter dependence. Our approach (applied to (
simple: we develop a ‘collateral’ reduced-basis expansiongM(x;µ) for g(x;µ); we then replaceg(x;µ) in (1)
with the (necessarily) affine approximationgM(x;µ). The essential ingredients are (i) a ‘good’ collateral reduc
basis approximation space, (ii) a stable and inexpensive interpolation procedure, and (iii) an effective a p
estimator to quantify the newly introduced error terms.

In Section 2 we develop our coefficient-function approximation method; in Section 3 we present a prior
posteriori error analyses; and in Section 4 we incorporate our coefficient-function approximation into the re
basis method. In both Sections 3 and 4 we present numerical results relevant to our model problem (1). In
paper we provide further details, extend the method to (highly) nonlinear problems, and develop more
elliptic and parabolic examples.

2. Coefficient-function approximation: empirical interpolation

We are given a functiong(·;µ) ∈ L∞(Ω) of sufficient regularity. To begin, we chooseµg

1, and define
S

g
1 = {µg

1}, ξ1 ≡ g(x;µ
g
1), and W

g
1 = span{ξ1}; we assume thatξ1 �= 0. Then, for M � 2, we setµg

M =
argmaxµ∈Ξ

g infz∈W
g
M−1

‖g(·;µ) − z‖L∞(Ω), whereΞg is a suitably fine parameter sample overD. We then set

S
g

M = S
g

M−1 ∪ µ
g

M , ξM = g(x;µ
g

M), andW
g

M = span{ξm, 1 � m � M}. Note that, thanks to our truth approxim
tion, µg

M is the solution of astandard linear program.
We suppose thatMmax is chosen such that the dimension of{g(·;µ)|µ ∈D} exceedsMmax; we can then prove

Lemma 2.1.For anyM � Mmax, the spaceWg
M is of dimensionM.

Proof. We first introduce some notation:g∗
M−1(x;µ) ≡ argminz∈W

g

M−1
‖g(·;µ) − z‖L∞(Ω) and ε∗

M−1(µ) ≡
‖g(·;µ) − g∗

M−1(·;µ)‖L∞(Ω). It directly follows from our hypothesis onMmax that ε0 ≡ ε∗
Mmax

(µ
g

Mmax+1) > 0;

our ‘arg max’ construction then impliesε∗
M−1(µ

g
M) � ε0, 2� M � Mmax. We now prove Lemma 1 by induction

Clearly, dim(W
g

1 ) = 1. Assume dim(Wg

M−1) = M − 1; then if dim(W
g
M) �= M, g(·;µ

g
M) ∈ W

g

M−1; however, the
latter contradictsε∗

M−1(µ
g
M) � ε0 > 0. �

We now construct nested sets of interpolation pointsTM = {t1, . . . , tM}, 1 � M � Mmax. We first set
t1 = argess supx∈Ω |ξ1(x)|, q1 = ξ1(x)/ξ1(t1), B1

11 = 1. Then for M = 2, . . . ,Mmax, we solve the linea

system
∑M−1

j=1 σM−1
j qj (ti) = ξM(ti), 1 � i � M − 1, and setrM(x) = ξM(x) − ∑M−1

j=1 σM−1
j qj (x), tM =

argess supx∈Ω |rM(x)|, qM(x) = rM(x)/rM(tM), andBM
ij = qj (ti), 1� i, j � M. It remains to demonstrate

Lemma 2.2.The construction of the interpolation points is well-defined, and the functions{q1, . . . , qM} form a
basis forWg

M .
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Proof. We proceed by induction. Clearly,Wg

1 = span{q1}. AssumeWg

M−1 = span{q1, . . . , qM−1}; if (i) BM−1 is
invertible, and (ii)|rM(tM))| > 0, then our construction may proceed and we may formW

g

M = span{q1, . . . , qM}.
To prove (i), we need only note thatBM−1 is lower triangular with unity diagonal; to prove (ii), we observe t
|rM(tM)| � ε∗

M−1(µ
g

M) � ε0 > 0. �
Lemma 2.3.For anyM-tuple (αi)i=1,...,M of real numbers, there exists a unique elementw ∈ W

g

M such that∀i,
1 � i � M, w(ti) = αi .

Proof. It is a straightforward consequence of the invertibility ofBM . �
Finally, our coefficient function approximation is the interpolant ofg over TM as defined from Lemma 2.3

gM(x;µ) = ∑M
m=1 βm(µ)qm(x), where

∑M
j=1 BM

ij βj (µ) = g(ti;µ), 1 � i � M. We defineεM(µ) ≡ ‖g(·;µ) −
gM(·;µ)‖L∞(Ω).

3. Error analyses for the empirical interpolation procedure

3.1. A priori framework

We define a ‘Lebesgue constant’ [7]ΛM = supx∈Ω

∑M
m=1 |V M

m (x)|, whereV M
m is the only element inWg

M such
thatV M

m (tn) = δmn (theV M
m are the characteristic functions as defined from Lemma 2.3). Note thatΛM depends

on W
g
M andTM , but not onµ nor on our choice of basis forWg

M . Observe also that
∑M

j=1 BM
ji V

M
j (x) = qi(x),

1 � i � M. We can then prove

Lemma 3.1.The interpolation errorεM(µ) satisfiesεM(µ) � ε∗
M(µ)(1+ ΛM), ∀µ ∈ D.

Proof. We definee∗
M(x;µ) = g(x;µ) − g∗

M(x;µ) and gM(x;µ) − g∗
M(x;µ) = ∑M

m=1 δM
m (µ)qm(x). We then

readily derive thate∗
M(ti;µ) = ∑M

m=1 δM
m (µ)qm(ti) = ∑M

m=1 BM
imδM

m (µ), 1 � i � M. It thus follows that

|εM(µ)−ε∗
M(µ)| � ‖∑M

m=1 δM
m (µ)qm(x)‖L∞(Ω) = ‖∑M

k=1
∑M

m=1 BM
kmδM

m (µ)V M
k (x)‖L∞(Ω) = ‖∑M

i=1 e∗
M(ti;µ)×

V M
i (x)‖L∞(Ω) � ε∗

M(µ)ΛM , since|e∗
M(ti;µ)| � ε∗

M(µ), 1� i � M. �
We can further show

Proposition 3.2.The Lebesgue constantΛM satisfiesΛM � 2M − 1.

Proof. We need only note that (i)BM is lower triangular with unity diagonal —qm(tm) = 1, 1� m � M, and
(ii) all entries ofBM are of modulus no greater than unity —‖qm‖L∞(Ω) � 1, 1� m � M. Hence|V M

m (x)| �
|qm(x)| + ∑M

i=m+1 |V M
i (x)| � 1 + ∑M

i=m+1 |V M
i (x)|. It follows, since|V M

M (x)| � 1, that|V M
M+1−m(x)| � 2m−1,

1 � m � M, and thus
∑M

m=1 |V M
m (x)| � 2M − 1. �

Proposition 3.2 is very pessimistic and of little practical value (thoughε∗
M(µ) does often converge sufficient

rapidly thatε∗
M(µ)2M → 0 asM → ∞); this is not surprising given analogous results in the theory of polyno

interpolation [7]. However, Proposition 3.2 does provide some notion of stability.

3.2. A posteriori estimators

Given an approximationgM(x;µ) for M � Mmax− 1, we defineEM(x;µ) ≡ ε̂M(µ)qM+1(x), whereε̂M(µ) ≡
|g(tM+1;µ) − gM(tM+1;µ)|. We can then prove
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Table 1
ε∗
M,max, ρ̄M , ΛM , andη̄M as a function ofM

M ε∗
M,max ρ̄M ΛM η̄M

4 2.65E–01 0.64 1.79 1.79
8 4.20E–02 0.65 2.07 2.01
12 8.66E–03 0.54 3.14 2.23
16 1.45E–03 0.85 2.09 2.62
20 1.85E–04 0.46 3.57 2.10

Proposition 3.3.If g(·;µ) ∈ W
g

M+1, then(i) g(x;µ) − gM(x;µ) = ±EM(x;µ) (eitherEM(x;µ) or −EM(x;µ)),
and (ii) ‖g(·;µ) − gM(·;µ)‖L∞(Ω) � ε̂M(µ).

Proof. Since by assumptiong(·;µ) ∈ W
g

M+1, g(x;µ) − gM(x;µ) = ∑M+1
m=1 κmqm(x). We may thus conside

the linear system
∑M+1

m=1 κmqm(ti) = g(ti;µ) − gM(ti;µ), 1 � i � M + 1. However,g(ti;µ) − gM(ti;µ) = 0,
1 � i � M; thus, since the matrixqm(ti) is lower triangular,κm = 0, 1� m � M, and sinceqM+1(tM+1) = 1,
κM+1 = g(tM+1;µ) − gM(tM+1;µ); this concludes the proof of (i). The proof of (ii) then directly follows fro
‖qM+1‖L∞(Ω) = 1. �

Of course, in generalg(·;µ) /∈ W
g

M+1, and hence our estimatorε̂M(µ) is not quite a rigorous upper boun
however, ifεM(µ) → 0 very fast, we expect that the effectivity,ηM(µ) ≡ ε̂M(µ)/εM(µ), shall be close to unity
Furthermore, the estimator is very inexpensive –one additional evaluationof g(·;µ).

3.3. Numerical results

We considerg(x;µ) ≡ V((x1, x2); (µ1,µ2)) ≡ ((x1 −µ1)
2 + (x2 −µ2)

2)−1/2 for x ∈ Ω ≡]0,1[2 andµ ∈ D ≡
[−1,−0.01]2; we choose forΞg a random sample of 225 parameter points; and we takeµ

g

1 = (−0.01,−0.01).
We then constructSg

M , W
g
M , TM , and BM , 1 � M � Mmax, following the procedure of Section 2. We i

troduce a random parameter test sampleΞ
g
Test of size QTest = 121, and defineε∗

M,max = maxµ∈Ξ
g
Test

ε∗
M(µ),

ρ̄M = Q−1
Test

∑
µ∈Ξ

g
Test

(εM(µ)/(ε∗
M(µ)(1 + ΛM))), η̄M = Q−1

Test
∑

µ∈Ξ
g
Test

ηM(µ). We present in Table 1ε∗
M,max,

ρ̄M , ΛM , andη̄M as a function ofM (Mmax = 20). We observe thatε∗
M,max converges rapidly withM; that the

Lebesgue constant provides a reasonably sharp measure of the interpolation-induced error; that the Lebe
stant grows very slowly —εM(µ) is only slightly larger that the min max resultε∗

M(µ); and that the error estimato
effectivity is reasonably close to unity. (Note also thatBM is quite well-conditioned given our choice of basis.)

4. Reduced-basis approximation

We consider the following model problem: Givenµ ∈ D ≡ [−1,−0.01]2, find u(µ) ∈ X such thata(u, v;µ) =
f (v;µ), ∀v ∈ X. HereΩ =]0,1[2; X = H 1

0 (Ω); (w,v)X = ∫
Ω ∇w · ∇v; a is the bilinear form (1) forg(x;µ) ≡

V(x;µ); andf (v;µ) = ∫
Ω
V(x;µ)v. The solution develops a boundary layer in the vicinity ofx = (0,0) for µ

near the ‘corner’(−0.01,−0.01). For our output, we considers(µ) = 
(u(µ)) for 
(v) = ∫
Ω

v.
Our reduced-basis approximation is thus: Givenµ ∈ D, evaluatesN,M(µ) = 
(uN,M(µ)), whereuN,M(µ) ∈

Wu
N is the solution of

∫
Ω ∇uN,M(µ) · ∇v + ∫

Ω gM(x;µ)uN,M(µ)v = ∫
Ω gM(x;µ)v, ∀v ∈ Wu

N . Here Wu
N is

defined in Section 1, andgM(x;µ) = ∑M
m=1 βm(µ)qm(x) is our coefficient-function approximation defined

Section 2 and analyzed in Section 3. Our discrete equations foruN,Mj (uN,M(µ) = ∑N
j=1 uN,Mj (µ)ζj ) are there-

fore
∑N

j=1(
∫
Ω

∇ζj · ∇ζi + ∑M
m=1

∫
Ω

βm(µ)qm(x)ζj ζi)uN,Mj = ∑M
m=1

∫
Ω

βm(µ)qm(x)ζi, 1� i � N . It is now a

simple matter to develop an offline–online computational procedure: the online complexity is O(N2M) + O(N3)
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Table 2
εu
N,M,max andη̄u

N,M
as a function ofN (for M = N )

N 4 8 12 16 20

εu
N,M,max 9.70E–02 5.53E–03 1.76E–03 4.53E–04 2.71E–05

η̄u
N,M 2.02 3.46 3.11 3.14 5.28

to respectively assemble and solve the requisite stiffness system and then O(N) to evaluatesN,M(µ); the essentia
point is that the online complexity is independent ofN .

It is readily demonstrated that the erroreN,M(µ) = u(µ)−uN,M(µ) satisfies
∫
Ω

∇eN,M(µ) ·∇v+∫
Ω

g(x;µ)×
eN,M(µ)v = RN,M(v;µ) + ∫

Ω
(g(x;µ) − gM(x;µ))v − ∫

Ω
(g(x;µ) − gM(x;µ))uN,M(µ)v, ∀v ∈ X, where

RN,M(v;µ) ≡ ∫
Ω

gM(x;µ)v − ∫
Ω

∇uN,M(µ) · ∇v − ∫
Ω

gM(x;µ)uN,M(µ)v. It follows that, if we suppose

g(x;µ) ∈ W
g

M+1, then ‖eN,M(µ)‖X � ∆N,M(µ), where ∆N,M(µ) ≡ ε̂M(µ)supv∈X

∫
Ω qM+1(x)(1−uN,M(µ))v

‖v‖X
+

supv∈X
RN,M (v;µ)

‖v‖X
. (Note an associated error bound ons(µ) − sN,M(µ) can be readily developed from standard d

ality considerations [6].) It is now possible [6] to develop an offline–online computational procedure for∆N,M(µ):
the online complexity to evaluate the requisite dual norms is O(N2M2) – independent ofN . (We may invoke these
inexpensive error estimators to develop good samplesSu

N : givenSu
N−1, we chooseµu

N to be the arg max over (
fine sample in)D of ∆N,Mmax(µ) [8].)

We now introduce a random parameter test sampleΞu
Test of size Qu

Test = 289, and defineεu
N,M,max =

maxµ∈Ξu
Test

‖eN,M(µ)‖X andη̄u
N,M = (Qu

Test)
−1 ∑

µ∈Ξu
Test

(∆N,M(µ)/‖eN,M(µ)‖X). We present in Table 2εu
N,M,max

and η̄u
N,M as a function ofN for the particular choiceM = N . We observe that the error decreases very rap

and that our error bound is quite sharp. Indeed, the results are largely indistinguishable from the standard
projection. However, the latter suffers from O(N ) online complexity, and is thus much more expensive than
coefficient-function approximation/empirical interpolation approach developed in this paper.
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