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Abstract

We present an efficient reduced-basis discretization procedure for partial differential equationsnaffineparameter de-
pendence. The method replaces nonaffine coefficient functions with a collateral reduced-basis expansion which then permit:
an (effectively affine) offline—online computational decomposition. The essential components of the approach are (i) a good
collateral reduced-basis approximation space, (ii) a stable axgeémsive interpolation procedure, and (iii) an effective a pos-
teriori estimator to quantify the newly introduced errors. Theoretical and numerical results respectively anticipate and confirm
the good behavior of the techniquin citethisarticle: M. Barrault et al., C. R. Acad. Sci. Paris, Ser. | 339 (2004).
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Résumé

Une méthode d'«interpolation empirique » : application a la discrétisation efficace par base réduite d’équations aux
dérivées partielles. Nous présentons dans cette Note une méthode rapide de base réduite pour la résolution d’équations aux
dérivées partielles ayant une dépendance non affine en srgiees. L'approche propose de remplacer le calcul des fonc-
tionelles non affines par un développement en base réduite annexe qui conduit a une évaluation en ligne effectivement affine
Les points essentiels de cette approche sont (i) un bon systeme de base réduite annexe, (ii) une méthode stable et peu colte
d’interpolation dans cette baset (iii) un estimateur a posteriori pertinent pour gtifeer les nouvelles erreurs introduites. Des
résultats théoriques et numériques viennent anticiper puis confirmer le bon comportement de cette tduriqiter cet
article: M. Barrault et al., C. R. Acad. Sci. Paris, Ser. | 339 (2004).
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Version francaise abrégée

Considérons une functiog(-; 1) € L*°(£2) assez réguliere. On propose taldmbord une méthode construc-
tive pour sélectionner une suite d’espaces embd/lt’é,s: Vectg, = g(-; uy), 1< m < M} avecM < Mmax
de dimension exactememt. On construit ensuite des ensembles emboités de points d'interpolggioa
{t1,...,tm}, 1 < M < Mmax, €n posant tout d’abord = argesssup.o [§1(x)|, g1 = &1(x)/&1(t1). Puis, pour

M =2, ..., Mmay ON résout le systéme IinéaiE?i‘llof‘lqj (t) =&y (1), 1<i < M —1, eton posey (x) =

Ey(x)— Z;V:‘ll a]M‘lqj (x), on définit alors le point suivant d’interpolatiop = argess sup ,, |ru (x)| et on pose

qm(x) = ryg(x)/ra(tyr). On approche enfip(x; w) parga (x; 1) = 1 B (L) gm (x), OU Z?il Bj(m)qj(ti) =
gtis w), 1<i< M.

Ce procédé d'interpolation peut étre justifié. A priori tout d’abord, en introduisant la constante de type Le-
besguedy = sup.co Y0, VY (x)| ou VM est le seul élément d&’t, tel queV,Y (1;) = 8;,,. ON peut montrer
queAy estbornée par®2 — 1. Lerreur d'interpolatior s (n) = ||g(-; 1) — gm (- 1) || Loo(s2) Vérifie alorse y (1) <
A+ Am)ey,(n) oter, (n) = inszW]f,[ lg(; w) — zllL>(2), Vi € D. Comme on le verra (et comme il est classique
en approximation polynomiale) la borne sur la constante de Lebesgue bien que pessimiste est souvent compens
par la trés rapide convergence de l'autre terme. On peut aussi proposer une approximation a posteriori en intro
duisant I'estimateué y; (1) = |g(tpra1; 4) — gm (tpm+1; )|, €xact sig(-; u) € Wf4+1 et asymptotique dans le cas
contraire.

Le Tableau 1 synthétise les résultats numérique obtenus par la mise en oeuvre de cette interpolation. Il illustre
le bon comportement de la méthode et des estimateurs sur $€xcas) = V((x1, x2); (11, 12)) = ((x1 — n1)? +
(x2 — u2)?) Y2 pourx € 2 =10, 1[2 et u € D = [—-1, —0.01]2. La convergence de la méthode est trés rapide et
la valeur moyenn@,, deéy (i) /ey () modérée.

Cette approche est ensuite couplée avec une méthodsatétitiation en base réduite pour I'approximation de
la solution du probléme : sojt € D, trouveru(n) € H}(10, 1{?) telle quea(u, v; n) = f(v; u), Yv € H3(10, 12,
oua est la forme introduite en (1), avecx; ) = V(x; w); et f(v; u) = fQ V(x; wv.

La méthode en base réduite est alors : powr D, uy y (1) € Wy est la solution d% Vun m(u) - Vo +
fg gm(x; wun, m(n)v = fg V(x; wv, Yv € Wy L'espace en base réduit€y, est défini de fagon classique par
Wy =Vect{g, = u(uy), 1<n < N} oU{uh}i=1,..Nnax €St UN jeu de paramétres bien choisiggt(x; u) =
Zn"le Bm (W) gm(x) est l'interpolé «empirique » introduit ci-dessus. Le Tableau 2 présente les résultats de cette
multiple approximation (base réduite + interpolation empirique) ainsi que la pertinence de I'estimateur a poste-
riori qui peut étre construitrecombinant I'estimateur précédent sur t8rpolation empirique et les estimateurs
classiques en base réduite proposés par exemple dans [6,8].

1. Introduction

We consider a parametrized evaluation problem: GiveneaD ¢ R”, evaluates (1) = £(u (1)), whereu € X
is the solution of a second-order coewlliptic partial differential equation(u, v; u) = f(v), Vv € X. Hereu
andD are the parameter and parameter domain, respecti¥ely;a Hilbert space with associated inner product
(w,v)x and norm|w||x; £2 C R? is our spatial domain, a point in which shall be denoted x2); ¢ and f are
linear bounded functionals; and, for anye D, a(-, -; u) : X x X — R is a coercive continuous bilinear form.

In the reduced-basis approach [1-3,5,6] we first introduce nested parameter ssi{nplda’, ..., u}y} and
associated approximation spad&y, = sparfs, = u(uy,),1<n < N} for N =1,..., Nmax in actual practice,
of courseu(u¥) is replaced with a ‘truth approximation’ on (say}aitably fine piecewise-linear finite element
subspace of typically large dimensidh The reduced-basis approximation is then: GiuenD, evaluatey (1) =
Lun(n)), whereuy () € Wy is the solution ofa (uy (w), v; u) = f(v), Yo € Wy. In generaluy () — u(u)
very rapidly asV increases [2,4].

We now expanduy(n) = Z?’:l“Nj(H)é“j- Theuy;, 1< j < N, will then Satisfyzy=la(§j,§i;/l)uNj

= f(¢), 1<i < N; we may subsequently evaluaig (n) = Z?’Zluw(u)e(q). If a(w,v; ) is affine inu,
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a(w,v; u) = Z,le O*(w)a* (w, v), then an extremely efficient offline—online computational strategy (relevant in
the many-query and real-time contexts) may be developed. In the offline stage Wﬂ!‘tqynti), 1<, j € Nmaxs
1< k < K; in the online stage we need only assemble and inM@rt, ¢;; 1) = Y, O% (w)a* (¢}, &), 1<i, j <
N. The online cost to evaluase (1) is thusk N° + N3 + N — independent olV'; sinceN « A, large compu-
tational economies can be realized.

Unfortunately, ifa is not affine in the parameter, the ordicomplexity is no longer independent.&f. For
example, fogeneralg (x; ), the bilinear form

a(w,v;u)E/Vw-Vv—}—/g(x;u)wv (1)
2 2

will not admit an efficient online—offline decomposition. In this paper we describe a technique that recovers online
N independence even in the presence of non-affine parameter dependence. Our approach (applied to (1), say)
simple: we develop a ‘collateral’ reduced-basis expangigix; ) for g(x; n); we then replacg(x; n) in (1)

with the (necessarily) affine approximatiggy (x; 1). The essential ingredients are (i) a ‘good’ collateral reduced-
basis approximation space, (ii) a stable and inexpensive interpolation procedure, and (iii) an effective a posteriori
estimator to quantify the newly introduced error terms.

In Section 2 we develop our coefficient-function approximation method; in Section 3 we present a priori and a
posteriori error analyses; and in Section 4 we incorporate our coefficient-function approximation into the reduced-
basis method. In both Sections 3 and 4 we present numerical results relevant to our model problem (1). In a future
paper we provide further details, extend the method to (highly) nonlinear problems, and develop more realistic
elliptic and parabolic examples.

2. Coefficient-function approximation: empirical interpolation

We are given a functiorg(-; u) € L*°(£2) of sufficient regularity. To begin, we chooﬁ, and define
S5 = {u3}, &1 = g(x; uf), and Wi = spari&1}; we assume thagi # 0. Then, forM > 2, we setu$, =
argmax -« infzewfH llg(:; w) — zllL=(2), WhereZ# is a suitably fine parameter sample of&rWe then set
Sy =83, _unus,, Em = gx;us,), andws, = sparé,, 1< m < M}. Note that, thanks to our truth approxima-
tion, ;@ is the solution of astandard linear program

We suppose thaWlmax is chosen such that the dimension{gf-; )| u € D} exceedsVmay; We can then prove

Lemma 2.1.For any M < Mmax, the spacG/V,ﬂ is of dimensionV/.

Proof. We first introduce some notatiog;y, ,(x;u) = arg mir}ew,’;;_l lg(s ) — zllLe(e) and ey, 4(n) =
llg(s ) — g5 _1C5 W llL=(e)- It directly follows from our hypothesis 0Mmax thateg = 8714max(“§4max+l) > 0;
our ‘arg max’ construction then implies%_l(u,fw) > €0, 2< M < Mmax- We now prove Lemma 1 by induction.
Clearly, dimW¥) = 1. Assume dinaW}, ;) = M — 1; then if dim(W})) # M, g(:; u$,) € W;,_;; however, the
latter contradicts?, ,(u%,) >¢e0>0. O

We now construct nested sets of interpolation poififg = {r1,...,ty}, 1 < M < Mmax. We first set
t] = argesssup.o [£1(x)], g1 = &1(x)/&1(t1), Bh = 1. Then forM = 2,..., Mmax, We solve the linear

system Zy:_]_ldj{w_lqj(ti) =Ey(t), 1<i <M —1, and setry(x) = Ey(x) — Zf’;llof—lqj(x), ty =
argesssup o [ry ()|, gy (x) =ry(x)/ryu(tm), andBi’y =q;(t;),1<1i, j < M. It remains to demonstrate

Lemma 2.2.The construction of the interpolation points is well-defined, and the funcfipns. ., g} form a
basis forwy, .
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Proof. We proceed by induction. Clearly = sparig1}. AssumeWs, ; = spariqa, ..., qu-1}; if () BYLis
invertible, and (ii)|ry (tar))| > 0, then our construction may proceed and we may fwﬁlz spaniqi, ..., qm}-

To prove (i), we need only note th&"~1 is lower triangular with unity diagonal; to prove (ii), we observe that
I (tm)| = €31 > €0>0. O

Lemma 2.3.For any M-tuple («;);=1,.. . m Of real numbers, there exists a unique elemers Wfl such thatvi,
1<is<M,w() =q;.

Proof. It is a straightforward consequence of the invertibilityg¥. O

Finally, our coefficient function approximation is the interpolantgobver T); as defined from Lemma 2.3:
gm (x5 1) = oM B (W gm (), wherezﬁil Bl-’yﬁj (n) =g@ti; w), 1<i < M. We definesy () = [1g(; 1) —
gm (5 WllLoe(s2)-

3. Error analyses for the empirical interpolation procedure
3.1. A priori framework

We define a ‘Lebesgue constant’ [Aly = SUp.co > m—1 | V.M (x)], whereV,M is the only element iW$, such
that VM (,) = 8,u, (the VM are the characteristic functions as defined from Lemma 2.3). Notetthadepends
on W§, and Ty, but not onx nor on our choice of basis fd¥s,. Observe also thazﬁil B%VJM(x) =q;(x),
1<i < M. We can then prove

Lemma 3.1.The interpolation errok y (1) satisfiesey (1) < ey, ()(1+ Ap), Y € D.

Proof. We defineey, (x: n) = g(x; u) — gy, (x5 ) and gy (x; ) — g (xi ) = Znﬂle 8%(u)qm(x). We then
readily derive thate?, (t;; ) = Y om_18M (W gm (1) = Yom_1 BMsM (1), 1 < i < M. It thus follows that
lew (1) =3 (W] < I et 8 (Wam (D 1Le@) = 1| 23y Yoet Bimdnl (VM () o) = I 7Ly ey 5 1) x
VM ()|l Lo (@) < 5 (m) Ap, sincelel, (4 )| < &5 (), 1<i <M. O

We can further show
Proposition 3.2.The Lebesgue constanty, satisfiesAy; < 2" — 1.

Proof. We need only note that (iB" is lower triangular with unity diagonal —g,,(t,,) =1, 1<m < M, and
(i) all entries of BM are of modulus no greater than unity g ||.~2) < 1, 1< m < M. Hence| VM (x)| <

lgm )|+ 0,1 VM )1 < 14+ 20, 14 VM ()] It follows, sincel Vi (0)] < 1, that| V-, (0] < 2",
1<m< M,and thusy¥_ |[vMx)|<2” —1. O

Proposition 3.2 is very pessimistic and of little practical value (thatjgtu) does often converge sufficiently
rapidly thate;kw(u,)z’” — 0 asM — o0); this is not surprising given analogous results in the theory of polynomial
interpolation [7]. However, Proposition3does provide some notion of stability.

3.2. A posteriori estimators

Given an approximatiopy (x; u) for M < Mmax— 1, we define€y (x; ) = &p (W) gpr+1(x), whereéy (u) =
lg(tm+15 1) — gm(tm+1; w)|. We can then prove
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Table 1

SX/I.max' oM. Ay, andiy, as a function of\f

M €37, max om Ay M

4 2.65E-01 0.64 1.79 1.79
8 4.20E-02 0.65 2.07 2.01
12 8.66E-03 0.54 3.14 2.23
16 1.45E-03 0.85 2.09 2.62
20 1.85E-04 0.46 3.57 2.10

Proposition 3.3.1f g(-; u) € W/§4+1’ then(i) g(x; ) — gm (x; ) = £Eu (x; w) (eitherEyy(x; ) or —Epy(x; 1)),
and(ii) lg(C; ) —gm (s Wlizo) < Ep(n).

Proof. Since by assumptiog(-; u) € Wf4+1, gl ) — gu(x; ) = Zn"f:llxmqm(x). We may thus consider

the linear systend Y1, g (1) = g(ti; 1) — gm(ti; 1), 1< i < M + 1. However,g(ti; ) — gu (15 1) = 0,

1 <i < M; thus, since the matriyg,, (¢;) is lower triangularg,, =0, 1< m < M, and sincegy+1(tp+1) = 1,
km+1 = g(tm+1; ) — gy (ty+1; w); this concludes the proof of (i). The proof of (ii) then directly follows from
lgm+illLey=1. O

Of course, in generaj(-; u) ¢ W;f’Hl, and hence our estimatéy, (1) is not quite a rigorous upper bound;
however, ifey (1) — O very fast, we expect that the effectivityy, (1) = £p () /epm (), shall be close to unity.
Furthermore, the estimator is very inexpensivane additional evaluatioof g(-; ).

3.3. Numerical results

We consideg (x; 1) = V((x1, x2); (11, n2)) = ((x1 — pn1)%+ (x2— u2)?) Y2 forx € 2 =10, 1[2andp e D =
[—1, —0.01]%; we choose for=¢ a random sample of 225 parameter points; and we ,ﬁke (—0.01, —0.03).
We then constructS§,, Ws,, Ty, and BM, 1 < M < Mmay, following the procedure of Section 2. We in-

troduce a random parameter test samplg, of size Qrest= 121, and define}, ., = max, . zs &y (1),
’ esl

Py = Ot peas, (M) / (&5 (L + Au)), v = OroqY ez, Nu(w). We present in Table &, a0

pm, Am, andny as a function of (Mmax= 20). We observe thaty, ... converges rapidly with\/; that the
Lebesgue constant provides a reasonably sharp measure of the interpolation-induced error; that the Lebesgue co
stant grows very slowly —e (1) is only slightly larger that the min max resulf, (11); and that the error estimator
effectivity is reasonably close to unity. (Note also tiBdf is quite well-conditioned given our choice of basis.)

4. Reduced-basis approximation

We consider the following model problem: Givare D = [—1, —0.01)2, find u(u) € X such that (u, v; u) =
f(v; ), Yo € X. Here2 =10, 1[%; X = H}(£2); (w,v)x = [, Vw - Vv; a is the bilinear form (1) fog (x; ) =
V(x; w); and f(v; ) = [, V(x; p)v. The solution develops a boundary layer in the vicinityrat (0, 0) for
near the ‘corner{—0.01, —0.01). For our output, we consideru) = £(u(u)) for £(v) = fQ v.

Our reduced-basis approximation is thus: Giyer D, evaluatesy y (1) = L(un m (1)), whereuy p(u) €
Wy, is the solution of [, Vun p (i) - Vv + [ gm (s wun, m(u)v = [ gm(x; wv, Yo € Wy Here Wy, is
defined in Section 1, angy (x; u) = Zn"le B (W) gm (x) is our coefficient-function approximation defined in
Section 2 and analyzed in Section 3. Our discrete equationsfay; (uy » (1) = Z;VZ:LMN,MJ' (n)¢;) are there-

fore Y23 (fo Vi - Ve + Y01 [ B am ) icun mj = Y-y [ Bun(W)gm ()i, 1<i <N. Itis nowa
simple matter to develop an offline—online computational procedure: the online complexity/ fa0 + O (N3)
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Table 2

&y m.max @Ndily 5, as afunction ofv (for M = N)

N 4 8 12 16 20

57\, M.max 9.70E-02 5.53E-03 1.76E-03 4.53E-04 2.71E-05
My M 2.02 3.46 3.11 3.14 5.28

to respectively assemble and solve the requisite stiffness system and(tNgmnoevaluatey i (1); the essential
point is that the online complexity is independeni\6f

Itis readily demonstrated that the erear y (1) = u(1) —un a (1) satisfies(, Ve y (1) - Vo+ [ g(x: ) x
en.m (v = Ry v (i i) + [o(g(xs ) — gm(xs v — [ (g(xi ) — g (xs w)un m(w)v, Yv € X, where
Ry (i) = [oemGs v — [o Vun () - Vo — [o gm(x; wun, m(r)v. It follows that, if we suppose
Jo am+1(x)A—un p(w)v

glxi ) € Wiy, then Jley m(wllx < An.m(i), where Ay y () = Enm (1) SURcx oz +
sup,cx RN”MT?””) (Note an associated error bounds@p) — sy m (1) can be readily developed from standard du-

ality considerations [6].) It is now possible [6] towddop an offline—online computational procedurefoy (1):
the online complexity to evaluate the requisite dual norms(i§43/2) — independent alV. (We may invoke these
inexpensive error estimators to develop good samgiesgiven Sy, _,, we chooses}, to be the arg max over (a
fine sample in)D of An pra, (1) [8].)

We now introduce a random parameter test samig, of size Q.= 289, and definesy, ;. =

ma)?xeST‘ LNen v llx andny 5, = (Qheed 1Y peze (Anm(w)/llen.m(Wllx). We presentin Table 2y ; ax

andmny, ,, as a function ofV for the particular ch0|ca/1 N. We observe that the error decreases very rapidly,

and that our error bound is quite sharp. Indeed, the results are largely indistinguishable from the standard Galerkir
projection. However, the latter suffers from( &) online complexity, and is thus much more expensive than the
coefficient-function approximation/empirical interpolation approach developed in this paper.
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