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enforces the divergence-free condition and thus necessitates the introduction of a Lagrange
multiplier. It produces a linear system for the degrees of freedom of the approximate traces
of both the tangential component of the vector field and the Lagrange multiplier. The sec-
ond HDG method does not explicitly enforce the divergence-free condition and thus results
in a linear system for the degrees of freedom of the approximate trace of the tangential
component of the vector field only. For both HDG methods, the approximate vector field
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Maxwell’s equations ing to obtain a new H®"'-conforming approximate vector field which converges with order
Computational electromagnetics k+1 in the H*"-norm. We present extensive numerical examples to demonstrate and

compare the performance of the HDG methods.
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1. Introduction

Computational electromagnetics is of considerable importance in many areas of engineering and science such as aero-
space industry, telecommunication, medicine, and biology. Indeed, computational electromagnetics plays a crucial role in
the design of novel devices for defense and civil applications. Typical examples of applications include antenna design,
the detection of hidden targets, radar, satellite, nanophotonic devices, optical fibers, waveguides, and medical imaging. These
applications lead to the development of many computational techniques for solving Maxwell’s equations in both frequency
and time domains.

The finite element method is a popular computational technique for the solution of electromagnetic problems due to its
ability to handle complex geometries and inhomogeneous materials, as well as perform h/p adaptivity. As a class of finite
element methods, edge elements [27,28,4,17,18,26] are widely used for numerically solving Maxwell's equations. Edge ele-
ments are known to eliminate the problem of spurious modes which may arise when standard finite elements are used to
discretize Maxwell’s equations [5]. In addition, they can easily handle the boundary conditions and material interface con-
ditions. Low-order edge elements such as the Whitney elements [44] are often used for problems in electromagnetics be-
cause they can be easily implemented and avoid the problem of spurious modes. However, the use of low-order edge
elements often leads to the discrete system with large numbers of unknowns, especially for electromagnetic problems at
high frequencies. As a result, high-order edge elements have been developed [1,2,19,20,41,43] and shown to be more

* Corresponding author. Tel.: +1 617 253 8080.
E-mail address: cuongng@mit.edu (N.C. Nguyen).

0021-9991/$ - see front matter © 2011 Elsevier Inc. All rights reserved.
doi:10.1016/j.jcp.2011.05.018


http://dx.doi.org/10.1016/j.jcp.2011.05.018
mailto:cuongng@mit.edu
http://dx.doi.org/10.1016/j.jcp.2011.05.018
http://www.sciencedirect.com/science/journal/00219991
http://www.elsevier.com/locate/jcp

7152 N.C. Nguyen et al./Journal of Computational Physics 230 (2011) 7151-7175

effective than low-order edge elements. High-order h/p edge elements [19,17,18,24,26,41] perform well for problems with
singularities due to reentrant corners and with material interfaces by providing an approximation which converges expo-
nentially when the correct combination of h and p refinements is made. However, high-order edge elements introduce
the degrees of freedom in the interior of the elements which increases drastically with the order of approximation [24]. Typ-
ically, these interior degrees of freedom can be eliminated by using a procedure known as static condensation [24].

Recently, there have been considerable interests in the application of discontinuous Galerkin (DG) methods to computa-
tional electromagnetics. In [21,22], the local discontinuous Galerkin (LDG) method with high-order nodal elements is used to
solve Maxwell equations on unstructured meshes without explicitly enforcing the divergence-free condition. In [15], the lo-
cally divergence-free discontinuous Galerkin method is developed for solving time-dependent Maxwell’s equations. For
time-dependent Maxwell’s equations, with the use of explicit time integration schemes, DG methods [40,42] have the advan-
tage of decoupling all the elements and thus enable parallel efficiency. The LDG method [39] and the interior penalty (IP)
method [23] have also been used for solving Maxwell’s equations in frequency domain. DG methods have several distinct
advantages including their capabilities to handle complex geometries, to provide high-order accurate solutions, to perform
h/p adaptivity, and to retain excellent scalability. However, many existing DG methods are known to be computationally
expensive because they have too many degrees of freedom due to nodal duplication on the element boundaries [37,38].

In this paper, we introduce hybridizable discontinuous Galerkin (HDG) methods that aim to retain the strengths of DG
methods and address the main criticism of DG methods, namely, the excessive number of globally-coupled degrees of free-
dom. The approach is based upon our recent work on HDG methods [10,12,31,16] for the Stokes system (see also [8,9]),
which in turn is an extension of HDG methods for convection-diffusion [11,6,7,29,30]. Recent work includes the develop-
ment of HDG methods for incompressible flows [33,32,34], for compressible flows [36], and for acoustics and elastodynamics
[35].

For scalar diffusion-dominated problems with smooth solutions, these HDG methods provide an optimal convergence of
order k + 1 in the L?(€2)-norm for both the approximate solution and its gradient [6,29,30]. They also possess some supercon-
vergence properties that allow us by means of local postprocessing to obtain a new approximation which converges with
order k + 2 in the L*(Q)-norm. This has been rigorously proven in [14,13] in the purely diffusive case. It turns out that the
HDG methods for the gradient-based formulation of the Stokes flows [12,31] and the incompressible Navier-Stokes equa-
tions [32,34] as well as acoustics and elastodynamics [35] possess similar convergence and superconvergence properties.
However, the HDG method for the vorticity-velocity—pressure formulation of the Stokes flow [16] does not seem to possess
superconvergence, although it does provide an optimal convergence of order k + 1 for the approximate velocity, pressure,
and vorticity.

We present here two HDG methods for the numerical solution of the time-harmonic Maxwell’s equations. The first HDG
method explicitly enforces the divergence-free condition and thus necessitates the introduction of a Lagrange multiplier. It
produces a linear system for the degrees of freedom of the approximate traces of both the tangential component of the vector
field and the Lagrange multiplier. The second HDG method does not explicitly enforce the divergence-free condition and thus
results in a linear system for the degrees of freedom of the approximate trace of the tangential component of the vector field.
For both HDG methods, the approximate vector field converges with the optimal order of k + 1 in the L?>-norm, when poly-
nomials of degree k are used to represent all the approximate variables. Although the approximate vector field is completely
discontinuous across inter element boundaries, we propose an element-by-element postprocessing method to obtain a new
approximation whose tangential component is actually continuous, that is, a new approximation which lies in the space
H“"-conforming. We show that it converges with order k + 1 in the H®"-norm. Since the postprocessing is performed at
the element level, the computational effort to obtain this new approximate vector field is negligible in comparison with that
needed to obtain the original approximate vector field.

Compared to the IP method [23] for the time-harmonic Maxwell’s equations, the HDG methods have less globally coupled
unknowns. This is not only because the numerical traces are single-valued across the element interfaces, but also because
the HDG methods solve for the tangential component of the vector field only. In contrast, the IP method solves for an approx-
imation of the full vector field which has nodal duplication along the inter-element boundaries. For the IP method, the
approximate vector field converges with order k + 1 in the L>-norm, but with order k in the H*""-norm. Moreover, there is
no local postprocessing available for the IP method to increase the convergence rate of the approximate vector field in
the H*"-norm.

Let us briefly compare our HDG methods with the high-order edge finite element methods. First, we note that both meth-
ods have similar globally-coupled degrees of freedom. The mechanism for reducing the globally-coupled degrees of freedom
of the HDG methods is fairly similar to that of edge finite element methods. Indeed, the hybridization technique that HDG
methods use to achieve this goal, which involves solving local problems at the element level, is essentially a variation of
the standard static condensation technique that edge finite element methods employ. The former uses weak formulations
to directly construct the global matrix whereas the latter works directly with the already assembled matrix. For the h-ver-
sion of the edge finite element methods, the approximate vector field converges with order k in the H*“"-norm when H®"-
conforming polynomials of degree k are used to represent the approximate solution [19]. For the HDG methods, local post-
processing is available to yield an improved order of accuracy of k + 1 in the H""-norm. This feature can be regarded as the
main advantage of the HDG methods over high-order edge finite element methods.

The article is organized as follows. In Section 2, we introduce the notation used throughout the paper. In Section 3, we
introduce the HDG method for solving the mixed curl-curl formulation of the time-harmonic Maxwell’s equations. In Section
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4, we introduce the second HDG method for solving the curl-curl formulation of the time-harmonic Maxwell’s equations. In
Section 5, we discuss the implementation of the HDG methods for the two-dimensional case. In Section 6, we propose a local

postprocessing scheme to obtain an improved H*""-conforming approximation. In Section 7, we present numerical results to
assess the performance of the HDG methods. Finally, in Section 8, we provide some concluding remarks.

2. Problem statement and notation
2.1. Maxwell’s equations in frequency domain

The Maxwell’s equations [19,24] in frequency domain read as follows:

V x H = i€wE + 0E + [,

V x E = —iuwH, )
V-€E=p,
V.-uH=0.

Here E is the electric field, H is the magnetic field, F is the applied current density, p is the electric charge density, and w is
the frequency. In addition, €,  and o denote the permittivity, permeability and conductivity of the medium, respectively.
Note that i denotes the imaginary unit.

In many electromagnetic problems, we can make certain assumptions that greatly simplify the Maxwell’s equations. For
our purposes here we shall assume that (1) the medium has zero charge density and zero conductivity (namely, ¢ =0 and
p =0); (2) the applied current density is divergence-free (namely, V - ¥ = 0); (3) the material properties € and y depend only
on spatial coordinates x and are positive everywhere; and (4) electromagnetic waves propagate in a simply connected and
bounded domain Q € R? with Lipschitz boundary d€. Under these assumptions, the time-harmonic Maxwell’s equations in
the physical domain Q are as follows:

V x H = iewE + J,

V x E = —iuwH,
V-€E=0, (2)
V.uH=0.

Note that if we take the divergence of the first two equations we obtain exactly the last two equations of (2). Therefore, the
two divergence-free conditions are implicitly present in the first two equations of (2) for w # 0.

The first-order Maxwell’s equation (2) can be reduced to a time-harmonic vector wave equation in terms of either the
electric field E or the magnetic field H. In particular, the first two equations of (2) can be combined to form the time-har-
monic vector wave equation in terms of the electric field as

V x (U'V x E) — w?€E = —iwJ’, in Q. (3)
We assume that the vector wave equation is accompanied with the following boundary condition
nxE=g, onoQ, 4)

where g is a given function on 3. For the special case g = 0, the medium is called a perfect electric conductor. Of course, we
can also derive a vector wave equation in terms of the magnetic field H. However, we intend to solve the vector wave Eq. (3)
for E and then recover H=iu 'w~'V x E.

In addition, we are also interested in solving a mixed curl-curl formulation of the time-harmonic Maxwell’s equations

V x (U 'V x E) — w*cE + €Vp = —iwJ’, in Q,
V-€E=0, inQ,

nxE=g, onoQ,

p=0, onoQ.

()

Here p is a scalar potential or a Lagrange multiplier introduced to enforce the divergence-free condition explicitly. It can be
easily shown that p = 0. Indeed, by taking the divergence of the first equation of (5) we obtain that V - eVp = 0 in Q, which
together with p = 0 on 0 implies that p = 0 everywhere in the domain. The mixed curl-curl formulation (5) is more stable
than the standard vector wave Eq. (3) for problems with small or zero frequency.

2.2. Mesh and trace operators
We denote by 7, a collection of disjoint regular elements K that partition the domain @ c R. The set 97, := {0K : K € T}

is then a collection of boundaries of the elements. For an element K € 7, F = 0K N dQ is a boundary face if the d — 1 Lebes-
gue measure of F is nonzero. For two elements K* and K~ of the collection 7y, F = 9K* N 9K~ is an interior face between K*
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and K~ if the d — 1 Lebesgue measure of F is nonzero. We denote by &£, and &] the set of interior and boundary faces, respec-
tively. We set &, = £ U &L

Let n* and n~ be the outward unit normal vectors on two neighboring elements K" and K-, respectively. We use v* to de-
note the trace of v on F from the interior of K*, where v is a function in L*(Q) = [L*(Q)]". Then, we define the jumps [.] as
follows. For F € &), we set

[von=v'on"+v on.

Here © is either - or x. For F € &7, the set of boundary edges on which v is single valued, we set
[v on]=v o n,

where n is the unit outward normal to 9Q. We further set
v =nx(vxn), v':=n(v-n),

where v' and v" represent the tangential and normal components of v, respectively. Note that v =v'+v",

2.3. Function spaces and approximation spaces

Let D be an open domain in RY. We recall that L*(D) is the space of square integrable functions on D and that H'(D) is the
Hilbert space with

H'(D) = {v e [*(D) : / IVo]® < oo}
D
We then set L*(D) = [L*(D)]¢ and define

HCUI'I(D) _ {v c LZ(D) :Vxwve [LZ(D)]H}7

where n=3 for d=3 and n=1 for d = 2. The H**"'-norm associated with this space is defined as

. 12
2 2
[0l = ([ 19719 % 07)

We note that the weak formulation of the governing Eq. (5) has a solution (E,p) € H*'(Q) x H'(Q); see [26].
Let P,,(D) denote the space of complex-valued polynomials of degree at most m on D. We set P,,(D) = [P,,(D)]". We intro-
duce the following approximation spaces
Py ={q e L*(T}) : qlg € Px(K) VK € T},
Vi ={v e L*(Th) : v|g € Pu(K) VK € T}}.
In addition, we introduce approximation spaces which are defined on &, as

My = {¢ € I*(&) : {|p € Pi(F) VF € &},

M, = {n € L*(&,) : 1|y € Pi(F),(n-n)|; = 0 VF € &}
We set Mj,(g) = {n € M}, : n x n =TIg on 9Q} and My(g) = {¢ € My:{ = I1g ondL2}, where I1g (respectively, I1g) denotes a pro-
jection of g onto M, (respectively, g onto Mj,). Note that M, consists of vector-valued functions whose normal component is

zero on any face F € &p.
Finally, we define various inner products for our finite element spaces. The volume inner products are defined as

d
(.07, = > (0.0 and (.07, = (m;,

KeT, i=1

where (1, {)p denotes the integral of { over the domain D c R¢. Here the over-line denotes a complex conjugate. The bound-
ary inner products are defined as

d
M, Oor, = Z<’11§>0K and Qor, - Z i Cidor,
i=1

KeTy

where (1, {)p denotes the integral of 5 over the domain D c R*"'. We note that the complex conjugate is applied only to the
second argument of the inner products.

We are ready to introduce a HDG method for the mixed curl-curl formulation in Section 3 and another HDG method for
the vector wave equation in Section 4. We shall pay a greater attention to the HDG method for the mixed curl-curl formu-
lation because this method is more involved than the other one.
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3. The mixed curl-curl formulation
3.1. Formulation of the HDG method

We first develop a HDG method for numerically solving the mixed curl-curl formulation (5). We begin by introducing
some new variables u=E and w = "'V x u. We can thus rewrite (5) as a first-order system of equations

uw -V xu=0, inQ,
VxwW-—ex*u+eVp=j, inQ,

V-eu=0, inQ, (6)
nxu=g, onoQ,
p=0, onoQ.

where j = —iwF is the new source term. Note that the magnetic field H is related to w by H =i~ 'w.
We seek an approximation (Wy, y, py, ,, p) € Vi x Vi x Py x M}, (8) x M(0) such that

(Lwy, 1), — (U, V X 1), — (W, T X ">07h =0,
(Wi, V X 0)7 + (Wh, © x )y — (D, V- €0), + (€D, ¥ - M)y — (€0’Up, 0), = (j, ¥)7,.,
~ (e, Vq);, + (i} -m,€q),, =0, (7)
— (M x Wy, 1)yr, =0,
— (uy - m, €0or, =0,

for all (r,v,q,1,() € Vi, x Vi x Py x M}, (0) x M, (0), where
@h:wh-s-rt(u;—ﬂ;) x 1, 8)
Uy = Uy + To(py — Po)M.

Here 7, and 7, are stabilization parameters which have an important effect on the stability and accuracy of the method. They

are chosen based on a dimensional analysis to ensure the same dimensionality for the left and right hand sides of (8). In par-
ticular, we choose

€w? €U
rt=,/7 and T, =/ 9)

This completes the definition of the HDG method for the mixed curl-curl formulation.
3.2. Local conservation and consistency
We begin our study of the HDG method under consideration by considering its conservation and consistency properties.

Proposition 1. The HDG method defined by (7) and (8) is locally conservative and consistent.

Proof. When € is constant on each face, the last two equations of (7) imply that

[nxwy] =0, oné&,

1
[n-u;] =0, ong&;. (10)

Substituting (8) into (10) we obtain
[nx wy] + t/u" + T u; — (tf + 1), =0, on &,
[up -n]+7,p; +T,p5 — (T4 +7,)bn =0, ong&,
which yields
Thult + Trul 1
th —th 4~ [nxw,], oné&,
T+ T T+ T
o TPy TP 1 0
= + u,-nj, oné¢&.
Pn T 4T r;+‘c;[[h ] h

N
h =

(11)

Substituting these expressions into (8) we get
N _ _
L TW HTW, T T
T + T T + 7T
Ut Tiuls ToTH
__n h7 n*h + 7n n [[Ph"ﬂ> on 52-
T, + T, T, + T4

[u, xn], on &,
(12)
uy
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The expressions (11) and (12) show that the numerical traces of the HDG method are single-valued across inter-element
boundaries. Therefore, the HDG method is locally conservative according to the definition of local conservation introduced
in [3].

Since u € HY'(Q) and p € H'(Q), we have it =u' and p = p on &,. It thus follows from (8) that w = w and @" = u".
Substituting them into the first three equations of (7) and integrating by parts, we obtain

(w -V xur); =0, VreW,,
(Vxw—ev’u+evp,v), =(,v),,, YveV, (13)
(V- eu, q)Th =0, Vq €Py.

This implies that the exact solution of (5) satisfies the HDG formulation (7) and (8). Hence, the HDG method is consistent.
This completes the proof. O

3.3. Existence and uniqueness
Moreover, we can show that the HDG method is well defined.
Proposition 2. Assume that ew?’ is different from the eigenvalue i of the following eigenproblem: find ). € R and
(Shy Zh, Wiy 2, h) € Vi x Vi x Py x M§(0) x My (0) such that
(s, 1)z, — (20, V X )7, — (z},r x n>m =0,
(h, VX 0)7, + (Sn, v x Myr, — (Y, V- €0)7, + (€n, v n)yr, = Azn, V)7,
- (EZh, Vq)Th + <2g -n, €q>(')7h = 07 (14)
—(n x 8, Mor, =0,
- <22 -n, 6£>07h =0,
for dll (r,v,q,1',{) € Wy, x V x Py, xM},(0) x My,(0), where

Sp =Sy + T(2, — 2},) x m,

M A (15)
Zy =z + Ta(Yy, — Yn)n.

Moreover, we assume that the stabilization parameters t, and t, satisfy the condition
7.>0 and 7t,>0 ond7,. (16)

Then the HDG solution (wy,, uy, py, i, pr) exists and is unique.

Proof. Substituting (8) into (7) and integrating by parts we obtain
(UwWp, 1)z, — (U, V X 1) — (U, % n>07h =0,
(V x Wy, 0), + (Te(u), — ), 0 x v x n>m — (P, V - €0)7, + (€D, v - M) o7, — (€P’Un, 0); = (j, V)7, ,
(V- €un, q)7, + (€Tn(Ph — Pr). @)or, =0, (17)
—(nx wy + T (u), —1}),1°),, =0,
— (U -1+ Ta(Py — Pn), €0),7, =0,

for all (r, »,q,n',() € Wy x V}, x Py, xM}(0) x My(0). Due to the linearity, finite dimensionality, and to the fact that this is a
square system, it is sufficient to show that the only solution of the above system for j=0 and g=0 is (W, u, py,, W5, Pr) =

(0,0,0,0,0).
Indeed, taking r = wy, v = u,,q = p,, gt = i, and { = p;,, and adding the resulting equations all together, we get
(UWh, Wh)7, + (Te(uf, —uy), (uf, — ﬂil)>8Th + (€Tn(Pn — Pn), (Pn — IA)h)>aT,1 - (ewzuluuh)Th =0. (18)

Similarly, we have
(1iSh,Sh)z, + (Te(2h = 24). (24 = 24)) 5, + €Taln = ¥n), Wn — V), = 4(@n.21)s1,.- (19)

It follows from (18) and (19) that uy, = 0; otherwise, if uj, # 0, then ew? must be an eigenvalue of (14) which contradicts with
our assumption ew? # 1. As a consequence, we obtain

(Wi, W), + (Telly, )+ (€Ta(Py = Pn), (Ph = Pn))or, = O, (20)
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which implies w, = 0, =0, and p, = p, on T, since 7, and 7, are strictly positive. It then follows from the second equation
of (17) that

(Evphvv)ﬂ, :07 v vEVh, (2])

which implies that pj, is a constant function. Since p, = p, = 0 on 022, we have p,, = 0 everywhere. This completes the proof. O

3.4. Hybridization of the HDG method

The primary motivation for the hybridization is the reduction in the number of globally-coupled degrees of freedom. This
is achieved by locally eliminating the degrees of freedom of the approximate solution to obtain a matrix system involving the
degrees of freedom of the approximate trace. The hybridization procedure is thus similar to static condensation. However,
unlike the classical approach, hybridization is systematic in the sense that it explicitly yields a weak formulation in terms of
the approximate trace.

We begin by noting that the first three equations of (7) can be written as

(UWh, ) — (U, V X T) = <%" x n>3K‘/
(V X Wi, O+ (Tely X 1,0 X M)y — (D, V - €V) ¢ — (€02 U, ©) e = (J, ¥)c — (€Pn, ¥ - M)y + (Telly x 0, ¥ x 1)
(V- €ttn, Q) + (TnPh, €@) o = (Tnbh, €Q)ox;

for all (r, v,q) € P(K) x Px(K) x Pr(K) and all K € T It is important to note that if (i1}, py.j) is available, we can compute
(wp, up, pp) in an element-by-element fashion by solving (22) for each K € 7. Therefore, (22) defines a “local solver” that
maps (ﬂfwi)hh’.) to (Whvuhvph) as

(22)

K>

(88}, P, §) (Wi, U, Py)- (23)

Since the source term j is known, we only need to determine (i, p;) as follows.
Next, for any given pair of functions (¢, 0) € M}, x M, we introduce the following local solutions

(w}, u;.p;) = £(1,0,0),
(Wi, . pp) = £(0,0,0), (24)
(whou.p)) == £(0,0.4),

where (W, ui,pS), (Wl ul,p?), and (wgufﬂp;) are obtained from (22) when we replace (it}, py..j) with (&, 0, 0), (0, ¢, 0), and

(0, 0, j), respectively.
The following result is a direct consequence of the decomposition (24) and the last two equations of the HDG system (7).

Lemma 3.1. Let (wy, uy,, py, ), p) be the solution of the second HDG formulation (7). We have that
Wh =W} + W} + W,
=l +ul + 1,

Pn =D} + D) + D}, (25)
i =4,
Pn =p,

where (4, p) € M} (8) x My(0) is the solution of
an(A, 1) + bu(p. 1) = ta(n), ¥y € My (0),

dn(4,0) + (P, O) = fu(0), VL€ Mn(0). 20
Here the forms are given by

an(&m) = —(mx wi + o) —&).m) .

ba.) = —(mx Wi + ()’ m)

6(0.0) = ~((uh)* m+7a(p} — 0)€C) . -

dh(é‘,é):—<(u2)§-n+rnpi764“> -
< nxw, 4+ 7 (u) ,n>
< n+npﬁ,€é> o
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for all &,y c M}, and g, { € M.
Furthermore, we can establish the following identities whose proof is given in Appendix A.

Lemma 3.2. We have that
- <n x Wi + rf((ug)i - §)7n>m = (uw;, wy), — (e’uj up),

+ ()’ —¢). (@) —m)), + (epl b,

g (28)
= (X Wi+ T () 1), = (TuD}, €0) 57, + <eQ, (up) -n>07 ,
h
—(mxw () )=o),
and
_ <(ug)f ‘n+ rnpﬁ7e§>m = —<rnpﬁ,6g“>m - <eg7 (u)* - n>m,
— () n+n(pf - 0).€C) = (uwf.wy),, — (ewuf ui),
Th g g ) (29)
(€ (B~ ). (B = ), + (7)), (h)°)
_ <(uﬁ)1 n+ r"pfwec>w’ = (.u;),, .
forall &,y € M} and o, { € M,
As a consequence of Lemmas 3.1 and 3.2, we obtain the following result
Proposition 3. (4, p) € M} (g) x M, (0) satisfies the following weak formulation
an(4, 1) + bu(p. 1) = tu(m), ¥y € M (0), 30)
= bn(L,4) +cn(p, ) = fu(0), VL € Mp(0).
Here the forms are given by
) = (i, w), — (ecruf,ul), o+ (maepi ), + ()~ ) (@) ),
bu(e.m) = (tab} €0),, + (€0 (u)"-m) .
6n(0,0) = (nw}. wi),, — (ew’uf ui), + (o) () ) (31)

+(Tn€(pr =) (Ph = )y,
Eh(") = (ivuZ)T,‘>

forall &y e M, and o, { € M.
We note that (30) is equivalent to (26). However, the weak formulation (30) explicitly shows that the bilinear forms aj
and ¢, are symmetric and that the associated matrix system is given by

(o o)(o)-(r) 52

where A and @ represent the vector of degrees of freedom of 4 and p, respectively. Both the weak formulations characterize
the solution of the HDG method (7) in terms of 4 and p. Since 4 and p are defined on and single-valued across inter-element
boundaries, the HDG method may have less the globally coupled degrees of freedom than other DG methods. This advantage
comes with an additional cost of solving the local problems on all elements of the triangulation. However, this additional
cost is typically much smaller than the cost of solving the global matrix system (32).

4. The vector wave equation
4.1. Formulation of the HDG method

We now describe a HDG method for solving the vector wave Eq. (3). We begin by writing (3) as a first-order system of
equations as
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uw-—-V xu=0, ingQ,
Vxw-—en*u=j inQ, (33)
nxu=4g, onoQ,

where u=E, w= "'V x u, and j = —iof are the new variables.
The HDG method for the above system then seeks (wy,, uy, i) € V, x V), x M; (g) such that

(Lwy, 1)y — (U, V X 1), — (W), T X n>m =0,
(Wi, V X 0)7 + (Wh, ¥ x 1), — (€2’uy, 0),, = (j, V), (34)
— (M x Wy, 1)y, =0,
for all (r, v, ) € V, x V; x M,(0), where
Wy =wy, + T(uf, — ) x n. (35)

Here the stabilization parameter 7 is chosen as

-, /%. (36)

This completes the definition of the HDG method for the vector wave equation.

Let us briefly comment on the equations defining the HDG method. The first two equations are obtained by multiplying
the first two equations in (33) by test functions and integrating by parts. The last equation enforces the continuity of the
tangential component of w;, across inter-element boundaries, namely,

[nxw,] =0, ong&,. (37)
Finally, we note that u}, is single-valued across inter-element boundaries and satisfies the boundary condition since u}, be-
longs to M;,(g).

4.2. Local conservation
We now derive explicit expressions of the approximate traces in terms of the approximate solution. To this end we insert
(35) into (37) to obtain

[nxwy]+tu +tu, — (8 +1)@t, =0, on¢&;,
which yields
T T

T+ 7Tt T+ 7Tt

ot
u,

[nxw,], ong&;. (38)

Substituting (38) into (35) we get
L TwWiHTW, T Tt

0
wy P P [up xn], oné&,. (39)

This expression shows that the HDG method (34) is locally conservative because w;, is single-valued across inter-element
boundaries.

Furthermore, the HDG method can be viewed in a more traditional way as a DG method that finds (wp, u,) € Vj, x V}; such
that
) om, = (40)
(Wi, V X )y, + (Wh, @ x M)y — (€07, ), = (G 0)y,,

(UWh, 1) — (Un, V X 1), — (W), T x 1)

for all (r,v) € V, x V.. Here the numerical traces @}, and w; are defined by (38) and (39), respectively.
4.3. Hybridization of the HDG method

Let us turn our attention to the hybridization of the HDG method (34). To this end, we introduce two local solvers. The
first local solver maps € Mj, to (w],u}l) € Pr(K) x Pr(K) such that

(MW, 1) — (W, V xT) = (1,1 x 1),

41
(Vxw] —ex’ul, o), + (Tl x n, v x ), = (10,0 x 1), (1)

for all (r, v) € Pi(K) x Pi(K). The second local solver maps j to (w;”ug) € Py(K) x Py(K) such that
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(i), (8 <1), =0

; .~ ) (42)
(V X W) — €w°W,, v)K + <7:u51 XM,V X ">;)1< =@, ),
for all (r, v) € Py(K) x Pi(K).
We obtain the following result whose proof can be obtained in the same route as shown in Proposition 3.
Proposition 4. Let (wy, uy, u},) be the solution of the HDG method (34). We have that
wy = M + Wz,
uy =, +ul, (43)
ﬂf] =7
where y € M}, (g) satisfies
gn(y,m) = (), V1 € Mj,(0). (44)
Here the forms are given by
¢
8n(&.m) = (uwj wi), — (o’ uf), + <T((u/[1) B 6)’ ((u’a)” B ") >zm1’ (45)

() = G 45)

forall &,y € M;.

We see that the weak formulation (44) involves uf, only. This is the main advantage of the HDG method for the vector
wave equation because it does not need an approximation of the Lagrange multiplier. Therefore, this HDG method is more
efficient than the HDG method for the mixed curl-curl formulation. However, it does not enforce the divergence-free con-
dition explicitly.

5. The two-dimensional Maxwell’s equations

In this section, we present a detailed implementation of the HDG methods for the time-harmonic Maxwells’ equations in
two space dimensions. We focus primarily on the HDG method for the mixed curl-curl formulation and describe briefly the
HDG method for the vector wave equation at the end of this section.

5.1. Governing equations

In two space dimensions, the mixed curl-curl formulation of the Maxwell’s equations in a bounded domain Q € R? reads
as

uw—V xu=0, inQ,
V xw—ew’u+eVp=j, inQ,

V-eu=0, inQ, (46)
uxn=g, onoQ,
p=0, onoQ.
Here u = (uy, u,) is the electric field and w= ="'V x u is a scalar variable. We further note that
_Ouy  Ouy _ _(ow ow
Vxu= % ay UXN=1UNy — Uy, VXW= <6y’ 8x>'

Note that the cross product of two vectors yield a scalar and the curl of a scalar produces a vector.
Furthermore, the normal component u" and the tangential component u’ of the vector-valued function u are given by

u" = (nu",nu"), u'=(—-nu, nu’),
where u"=u - n and u‘ = u x n denote the magnitude of u" and u', respectively. We recall our notation that the unit normal

vector n = (1, n,) points outward. Therefore, both u" and u' change sign across inter-element boundaries since the normal
vector n reverses its direction across inter-element boundaries. In particular, we have

Wpr ot + U o = -+ (w-n7)p =0,
Wp e +UWp o = @xn)|p+ @xn ) =0,

where K" and K~ are two neighboring elements that share the same edge F, and F" = lim,_,o(F — én*) and F~ =lim,_,o(F — en™)
belong to oK* and 9 K-, respectively.



N.C. Nguyen et al./Journal of Computational Physics 230 (2011) 7151-7175 7161
7 8 9
+1 +1
+1
+ Z1 w11 TG
+1 5 +1
4 — "
1 +1
-1 +1-1 -1+
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1 2 3

Fig. 1. An illustration of the sign function d,7, (x). Note that 6,7, (X) is equal to 1 on the boundary edges. On the interior edges, d,r, (X) is equal 1 on one side
and equal to —1 on the other side. For example, J,r, (x) is equal to 1 on F;5 (an edge of the element (1, 5, 4)) and equal to —1 on Fs; (an edge of the element
(1, 2, 5)). This is because the condition i'ﬂ( < if is satisfied on the edge F;s, but not on the edge Fs;.

5.2. Formulation

To describe the HDG method for numerically solving (46) we introduce a sign function d,7, (x) which is defined on 97 .

(Here we recall that 97, = {0K : VK € 7;} is a collection of boundaries of all elements and that £ is a set of all boundary

edges.) Let us consider an element K whose vertices are numbered by global indices (ilf, i’2(7 113() and whose edges are denoted

X follows the counterclockwise direction. Then we

by (Fl.K,.K,FiK,.K,F,.KiK). Here the vertices are listed such that i{ — iy — iy — i
172 23 341
define d,7, (x) as follows:
. ) K K
if Fig € & ori, <iy

1
dor, lp, = : (47)
T {1 otherwise

for all Fy € {F.,<.,2<, F-§-§7Fi§i';} and for all K e T,. Note that 6,7, (%) is equal to 1 on the boundary edges. On the interior edges,

ipi ipf
do7,(X) is equal to 1 on the side that satisfies i'a( < i'b( and equal to -1 on the other side. An illustration of dyr, (x) is shown in
Fig. 1.
The HDG method seeks an approximation (wy, uy, py, 1%, pr) € Py x Vi x Py x My(g) x My(0) such that
(Ui, 1)z, = (Un, V' % 1) = (S, Uy, 7))y =0,
(Wh, V X 0) + (Wh, ¥ X 1), — (€00 U, 0)
— (P, V - €0)7, + (€pn, v~ n)yr, = 0.0z,

— (euy, V)7, + (U -m,€q),, =0, (48)
{(Wh, 0o7, Moz, =0,
(af - n,eC)mh =0,
for all (r, v, q, i, {) € Pp, x V}y x P, x Mp(0) x My(0), where
Wi = Wh + T¢ (U x 1 — o7, U1}), (49)

=y + Tn(py — p)n.

The sign function §,7, is needed because it, € Mj(g) is single-valued on the interior edges and u‘ = u x n changes sign across
the interior edges. In particular, 8,7, i} is nothing but an approximation to u‘ on 07,

5.3. Implementation
The first three equations of (48) defines a local solver that maps (it}, pn,j) to (Wp, s, ps) as

it oa oL
(u}[wphh’) 'ie(whauhvph)v (50)
where (W, uy, py) € Pr(K) x Pr(K) x Pi(K) satisfies
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(1w, 1) — (U, V x 1) = (Sor, U, r>z)1<7
(V X Wy, 0)y + (Telly X M, 0 X WYy — (P, V - €0) — (€0°Uy, ¥)c = (j, ©)y — (EDPn, ¥ - M)y + (TeDor, U, ¥ X n),., (51
(V- €, @) + (Tubp, €Q)ox = (TnPh, €4) o,

for all (1, »,q) € Pr(K) x Pi(K) x Pc(K) and for all K € T,. For any pair (&, ¢) € My x My, we introduce

(W;, 45, ;) == Lan(€,0,0),
(Wi ui. i) = L2p(0,0,0), (52)
(Whouph) = £2(0,0.5),
where (w;,u;,p;), (W, uf,p?), and (W}lu}]p{l) are obtained from (51) when we replace (i}, pn.j) with (&, 0, 0), (0, g, 0), and
(0, 0, j), respectively.
It then follows that
Wi = W) + Wi +w,
uy = uj +uf 1,

Py =P}y + 0}, + Dl (53)
it =,
i)h:pv

where (4, p) € Mp(0) x M(0) satisfies

an(4, 1) + bu(p, 1) = ta(n), V11 € Mn(0),

Bl A) + .0 =fu(0). VE € My (0) .
Here the forms are given by
an(&m) = (LW, wi) 7, — (€™ )+ (T€D], i)y, + (Te(t] X 1= dor, 1), (M, X 1 = 097,€) )
bu(0,n) = (Tap}, EQ>()T (€o.uy 'n>aT,,7
cn(Q.0) = (UWi, W)z, — (€’ )y + (T x maty x )+ (Ta€ (P = 0), (B, = 0))r,» (55)
() = (. uy) 7,
fa©) =—(G,u )T,,7

for all ¢, n € My and g, { € M.
The weak formulation (54) gives rise to a system of equations of the form

(o o)(o)-(r) &

where A and @ represent the vector of degrees of freedom of 7 and p, respectively. The matrices and vectors in (56) corre-
spond to the bilinear forms and linear forms in (54) in the order they appear in the equation. In order to form the global
matrices A, B, C and vectors F, L, we need to compute their elemental quantities. For example, to form A, we compute its ele-

mental matrices as
K K K ok of of o N K of K
A,-j = ap(Q; . P; )= (uw," ,w, €w? u, u,I + rneph ph + {1 (uh X M — dor, P} ), u,’ X n— Sy, Q; ,
K K oK oK

for all K € 7, where @X are polynomials of degree k defined over three edges of the element boundary 0 K. Note that since
there are k+1 polynomials on each edge, there are 3(k+1) polynomials per element. Hence, the size of AKX is
3(k+1) x 3(k+1). We thus need to compute (w;f'K, u;f;{,p;f'K) by using 17 = @K in (52). Once the elemental matrices are com-

puted for all elements the global matrix A can be assembled by using the standard finite element assembly. The other global
matrices and vectors can be formed in the same way.

5.4. Computational complexity and storage requirement

We discuss here the computational complexity and memory storage required by the HDG method. First, we need to solve
the local solver (52) for all elements. On each element the local problem requires us to invert the matrix of size M x M, where
M =2(k+ 1)(k +2) is the degrees of freedom (wp,up,p,) on each element. The computational cost of the local part is thus O(Ny
M?), where N¥ is the number of elements.
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Next, we point out the degrees of freedom and sparsity structure of the linear system (56), restricting our attention to the
case of a conforming triangulation 7, (no hanging nodes). It is clear that the matrix A has a block structure with square
blocks of size (k+1) x (k+1) for each edge F. The number of block rows and block columns is equal to Nr, where

~ 3Nk/2 is the number of interior edges of the triangulation. Hence, the size of the matrix A is N4 x N4, where
N =(k + 1) Ng. Furthermore, on each block row, there are at most 5 nonzero blocks. Hence, the number of nonzero entries
of A is 5(k + 1)°Nr. The other matrices B and C have the same size and number of nonzero entries as A. The solution of the
linear system (56) will typically cost O((2N,)") with y ~ 2. Therefore, the computational complexity of the HDG method will
be dominated by the cost of solving the system (56) since the operation count of the local solvers scales linearly with Ng.

5.5. The HDG method for the vector wave equation

Finally, we close this section by briefly describing the HDG method for the two-dimensional vector wave equation
uw—V xu=0, inQ,
Vxw—ew’u=j, inQ, (57)
uxn=0, onoQ.

The HDG method for this system finds an approximation (wj, u, iIf) € P, x V;, x M(g) such that
(1w, 1)z, — (U, V X 1) — (Sor, U, > =0,
(Wi, V X 0)7, + (Wh, ¥ X I)yr, — (€ew’uy, V), =0V, (58)
(W, d Ty >0Tn =0,
for all (r, v, 1) € Pp x Vj, x Mp(0), where
Wi = Wy + Te (U, x 1 — Spr, T17). (59)

The method is implemented by using the hybridization technique as described below.
For any given ¢ € M, we define (wj,u;) € Py(K) x Pr(K) such that

('uwli’r)K - ("riwv x T)K = (o7, 1) g

: f ; (60)
(V xw;, v), — (€0’uy, v), + (Tt x N, 0 x 0),, = (T:S57, &, ¥ X M)y,
and (w’ u’) € Pr(K) x Py (K) such that
(,uwfl,r) - (u{],v x r) =0,
-« . . (61)
<V x W, v) (ew w, v) <rfu§1 X 1,V X n>aK = (j, v)y,
for all (r, v) € P(K) x Pi(K) and for all K € T.
It then follows that the HDG solution is computed as
Wy = W) + W,
w=u +u, (62)
iy = ¢,
where ¢ € My(g) satisfies
su(,m) =1(n), VH € My(0), (63)
Here the forms are given by
Su(E.1) = (s w3),, = () (o] = B ). (0 =60, 2)) o
(i) = (. 4y) 7,
for all &, 1 € M.
The above weak formulation results in a linear system of the form
GP =R, (65)

where @ represents the vector of degrees of freedom of ¢. The matrix G and vector R can be formed by computing the ele-
mental matrices and vectors in the same way as . It is clear that the HDG method for the vector wave equation requires only
1/3 memory storage of the method for the mixed curl-curl formulation. Moreover, the cost of solving the linear system (65)
can be significantly less than that of solving the system (56) because the dimension of the linear system (65) is only half of
that of the system (56). This HDG method is more efficient than the method for the mixed curl-curl formulation.
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6. Local postprocessing

In this section we propose a new local postprocessing to obtain a H*""-conforming approximation u; which converges
with an additional order in the H*""-norm. We consider here the two-dimensional case with triangular elements.

6.1. Postprocessing scheme

We find uj, as the element of Py (K) such that for all K € T},
(W, x n— Spr, U, M)p =0, VN € Pys(F),VF € 0K,
(u —up, V xw), =0, Yw e P(K), (66)
(V- (u, —wy),s), =0, VsePq(K).
This new approximation u;, is well-defined and H“"(Q)-conforming, as we show next. Note that to compute u;, we need only
to invert a matrix of size equal to the dimension of P, (K) for each element K of the triangulation 7. Hence, the new
approximation is less expensive to compute than the original approximation. Moreover, numerical results presented in

the next section show that u; converges with order k + 1 in the H"(T},)-norm, whereas u;, converges with order k in the
H“'(Q)-norm.

6.2. Well-posedness of the postprocessing scheme
We now prove that the local postprocessing scheme is well-posed.

Proposition 5. Suppose that all the triangles K € T, are acute. Then the postprocessed solution uj, given in (66) is well-defined
and conforming in the space H ().

Proof. Let us show that u;, given in (66) is well-defined. We verify first the equality between the number of degrees of free-
dom and the dimension of Py, (K):

dim(Py,1(K)) = (k+2)(k + 3). (67)
The number of degrees of freedom in the first equation of (66) is three times the dimension of P (F):

3(k+2). (68)
The number of degrees of freedom in the second equation of (66) is the dimension of P,(K) minus one:

(k+l)2(k+2)_]. (69)
The number of degrees of freedom in the third equation of (66) is the dimension of P,_; (K):

k(k 2+ 1) . (70)

The total number of degrees of freedom is exactly equal to dim(Py.1(K)).
This means that to prove the existence and uniqueness of u;, we only need to show that u;, = 0 is the unique solution of
(66) when ¢ = 0 and uj, =0. To do that, we begin by noting that the first equation of (66) implies that

u; xn=0, on each edge. (71)
Integrating the second equation of (66) by parts and using (71) we obtain

(Vxup,w), =0, YweP(K), (72)
which yields

u, =V, e Pk (73)

Egs. (71) and (73) show that ¥/ is constant along 0K. Since this constant can be chosen arbitrarily, we take it to be zero. Thus,
we can write that y = 1;/,/31 where J; is the so-called ith barycentric coordinate function associated to the triangle K and 7 is
an element of P, (K).

Substituting (73) into the third equation of (66), and setting b colone /1,73, we obtain, for all s € P,_;(K),

0= (V2(bn),8)x = —(V(bn), V) + (- V(b)) o
Taking s := 1, we get

1
0 = —(V(bn), Vit + (m- Vb, )y = =(bV, Vi) = 5 (Vb, Vi) + (- Vb, 1)y

1 1
=—(bVn, V), + 3 (vzbv ’72)1( + ) (n-Vb, ’72)010
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We claim that the intregrands in the three terms are nonnegative. As a consequence, we get that # = 0. Hence, we have
u;, =Vy =0.

It remains to prove the claim. But, we clearly have that b > 0 in K. Moreover, on the face of the triangle K such that 7, = 0,
we have that

n-Vb= (n1 VA1)42)3 < 0,

since V1, = —|eq|n1/(2|K]). A similar argument shows thatn - Vb < 0 on the two remaining faces. Note that we have still not used
the fact that the triangle K is acute. We are going to use this to show that V2b < 0. Indeed, a simple computation gives us that

Vzb (‘61 ||€2|n1 . nz).g -+ ‘€2H€3|n2 . n3;L1 —+ |€3||€1 ‘ﬂg -m )2) < 07

1
21K

when the triangle K is acute. This proves the claim.
Finally, it follows from the first equation of (66) that

W= n X u x =N x dyr, I, (74)

Hence, u; is continuous across the element boundaries since i, € Mj. This implies that u;, resides in the space H"(€). This
completes the proof. O
The Curl of the postprocessed approximation satisfies and interesting relation, as we see in the following result.

Lemma 6.1. The postprocessed solution u;;, given in (66) satisfies

(V X u;:v q)K = (:uwhv q)K7 vq S PR(K) (75)

Proof. We note from the first equation of (48) that

(uhv V x q)K = (Hwth)I< - <637hﬂltw q>31<7 Vq € Pk(K)' (76)
It thus follows from the first two equations of (66) that
(U}, V x q) = (wy, @) — (U}, x n,q>3K, vq € Pr(K), (77)

which, after integration by parts, yields the desired result. This completes the proof. O
This lemma shows that V x u;, has the same accuracy and convergence rate as w,.

7. Numerical experiments

In this section, we present numerical experiments to assess the performance and accuracy of the two HDG methods. We
consider two-dimensional model problems that have been studied in [1,23]. In all of these examples, we select the stabil-
ization parameters according to (9) and (36). In order to study the convergence and accuracy of the methods we define
the error in the L2-norm as

172
fu—wlly, = (S / -] (78)
KeT, YK

and the error in the H*"(7},)-norm as

1/2
[t — thp ||y = (Z /K (||u —w|* + |V xu—Vx uh||2>> . (79)

KeTy

We shall refer to the HDG method for the mixed curl-curl formulation as HDG-I and the HDG method for the vector wave
equation as HDG-II.

7.1. The square domain problem

In the first example, we consider solving the time-harmonic Maxwell’s equations in a square domain Q =(-1,1) x (-1,1)
with p =€ =1. Furthermore, we set j=0 and select suitable boundary data g so that the problem has the following exact
solution

u = (sin(wy), sin(wx)).

In [23] this example is used to investigate the convergence of the IP method on a sequence of unstructured triangular meshes
for different polynomial degrees and frequencies c. It is shown in [23] that the approximate solution of the IP method con-
verges with order k in the H*"(7,)-norm and with order k + 1 in the L?>-norm.



7166 N.C. Nguyen et al./Journal of Computational Physics 230 (2011) 7151-7175

We demonstrate the convergence and accuracy of the HDG methods on a sequence of unstructured meshes. More spe-
cially, we start with an unstructured mesh of 16 elements as shown in Fig. 2(a) and successively refine this initial mesh
by subdividing every element into four smaller elements. As shown in Fig. 2(b) the finest mesh consists of 4096 elements
and is obtained after we refine the initial mesh four times. On these meshes, we consider polynomials of degree k =1, 2,
3 to represent all the approximate variables.

We present in Tables 1-3 numerical results obtained for w =1, 2 and 4, respectively. In each case we show the polyno-
mial degree k, the number of elements in the computational mesh n,, as well as the error and the order of convergence for
both HDG-I and HDG-II. We observe that for both the HDG methods the approximation error converges to zero at the optimal
rate O(h**!) in the L?-norm and at the rate O(h*¥) in the H""(7,)-norm. The convergence rate of the approximate vector field
of the HDG methods is thus similar to that of the IP method. However, we note that the postprocessed vector field uj, con-
verges to the exact solution u at the rate O(h**!) in the H*""((2)-norm, which is one order higher than the convergence rate of
the approximate vector field u;,. Moreover, u; is H“"(Q)-conforming and inexpensive to compute. As a result, both the HDG-I
and HDG-II methods outperform the IP method for the same number of elements.

Furthermore, we see that the approximation error increases with the frequency for a given fixed mesh and fixed polyno-
mial degree. We also observe that the approximation error decreases rapidly when either the mesh is refined or the poly-
nomial degree is increased as we would expect for this smooth problem. We would like to point out that HDG-I and
HDG-II perform equally well in terms of accuracy and convergence rate. However, HDG-II is more computationally efficient
than HDG-I because the former has less globally coupled degrees of freedom than the latter.

Finally, we investigate how the condition number of the global stiffness matrix depends on the polynomial degree k, the
number of elements 1, and the frequency w. To this end we define the condition number ratio R as

B c
153k = )n.w2’

where Cis the condition number of the stiffness matrix G (65) of the HDG-II method. Here the condition number is defined as
the ratio of the largest singular value of G to the smallest singular value, which are computed by a singular value decompo-
sition of G. We report in Table 4 the condition number ratio R as a function of k, n, and w. We see that the condition number
ratio R is close to 1. The results show that the condition number grows linearly with the number of elements 1, as both k and
w are fixed. It is interesting to note that for the range of frequency considered here the condition number decreases as the
frequency w increases. More specifically, the condition number is proportional to =2 as both k and n, are kept fixed.

7.2. The L-shaped domain problem with smooth solution

We consider the time-harmonic Maxwell’s equations in a L-shaped domain Q = (-1, 1)%\[0, 1) x (-1, 0] with e = = 1. We
set j = 0 and select suitable boundary data g so that the problem has an exact solution of the form

u=Vxf, (80)
1 1
0.5 0.5
0 0
-0.5 -0.5
- -0.5 0 0.5 1 - 05 0 0.5 1

(a) (b)

Fig. 2. The initial mesh (a) and the mesh after four refinements (b) for the square domain.
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Table 1
Example 1: History of convergence of the HDG methods for w = 1.
Degree k  Mesh ne HDG-I HDG-II
llu — |7, [t — up|| e llu — uj [l e [l — w7, [|ar — ay || e [lor — [l e
Error Order  Error Order  Error Order  Error Order  Error Order  Error Order
1 16 4.20e-2 - 2.26e-1 - 6.48e-2 - 5.49e-2 - 2.68e-1 - 6.17e-2 -
64 1.09e-2 194 1.27e-1  0.83 1.59e-2 2.03 1.27e-2 211 1.33e-1 1.01 1.51e-2 2.03
256 2.80e-3 1.96 6.65e-2 093 3.93e-3 2.01 3.09e-3 2.04 6.60e-2  1.01 3.73e-3  2.01
1024 7.11e-4 198 3.39%9-2 097 9.77e-4  2.01 7.62e—-4  2.02 3.29-2 1.00 9.29e-4 2.01
4096 1.79e-4 199 1.71e-2  0.99 2.44e-4  2.00 1.89e-4 2.01 1.64e-2  1.00 2.32e-4 2.00
2 16 3.26e-3 - 4.56e-2 - 3.60e-3 - 3.25e-3 - 427e-2 - 330e-3 -
64 3.99e-4 3.03 1.09e-2  2.06 448e-4 3.01 4.35e-4 290 1.08e-2  1.99 4.13e-4  3.00
256 4.92e-5 3.02 2.65e-3 2.04 5.60e-5 3.00 5.54e-5 297 2.69e-3  2.00 5.18¢e-5 3.00
1024 6.09e-6  3.01 6.54e—-4  2.02 7.01e-6  3.00 6.98e-6 2.99 6.72e—4  2.00 6.48¢e—6  3.00
4096 7.58e—-7  3.01 1.62e-4  2.01 8.78e—~7  3.00 8.75e-7  3.00 1.68e—-4  2.00 8.11e-7 3.00
3 16 1.61e-4 - 243e-3 - 2.03e-4 - 2.24e—-4 - 351e-3 - 1.90e—-4 -
64 1.04e-5 3.95 3.34e-4 286 1.27e-5 4.00 1.30e-5 4.10 424e-4  3.05 1.18e-5 4.01
256 6.66e—7  3.96 4.40e-5 293 7.85e-7 4.01 7.88e—~7  4.05 521e-5 3.02 7.38e-7  4.00
1024 423e-8 3.98 5.64e—-6 2.96 4.88e-8 4.01 4.85e-8 4.02 6.46e—6  3.01 4.60e—8  4.00
4096 2.66e-9 3.99 7.14e-7 298 3.04e-9 4.01 3.01e-9 4.01 8.04e-7 3.01 2.87e-9 4.00
Table 2
Example 1: History of convergence of the HDG methods for o = 2.
Degree k  Mesh ne HDG-I HDG-II
llu— w7, [t — up|| e [lo — [l e [l — |7, llu — up [l e [l — 1ty | e
Error Order  Error Order  Error Order  Error Order  Error Order  Error Order
1 16 1.98e-1 - 1.46e-0 - 4.80e-1 - 2.74e-1 - 1.73e-0 - 317e-1 -
64 4.71e-2  2.07 7.90e-1  0.89 1.05e-1  2.19 5.8e-2 224 8.13e-1  1.09 8.03e-2  1.98
256 1.20e-2 1.98 4.07e-1  0.96 2.56e-2  2.04 1.38e-2  2.07 3.9%-1 1.03 2.0le-2 2.00
1024 3.02e-3 1.99 2.06e-1  0.98 6.34e-3  2.01 339%-3 203 1.98e-1 1.01 5.03e-3  2.00
4096 7.58e—4  1.99 1.03e-1  0.99 1.58e-3  2.00 839%-4 2.01 9.87e-2  1.01 1.26e-3  2.00
2 16 2.66e-2 - 3.63e-1 - 5.05e-2 - 2.68e-2 - 3.72e-1 - 492e-2 -
64 3.18e-3  3.06 8.29e-2 213 6.17e-3  3.03 3.57e-3 291 9.03e-2 2.04 5.79e-3  3.09
256 3.89e-4 3.03 1.99e-2 2.06 7.72e—-4  3.00 448e—4 299 222e-2 2.03 7.18e—4  3.01
1024 4.80e-5 3.02 4.85e-3  2.03 9.68e-5 3.00 5.61le-5 3.00 548e-3  2.02 8.95e-5 3.00
4096 596e-6 3.01 1.20e-3  2.02 1.21e-5 3.00 7.00e-6  3.00 1.36e-3  2.01 1.12e-5 3.00
3 16 2.58e-3 - 453e-2 - 545e-3 - 3.59e-3 - 5.63e-2 - 4.16e-3 -
64 1.69e-4 393 6.34e-3 2.84 3.54e-4 3.95 2.06e-4 4.13 6.96e-3  3.02 2.83e-4 3.88
256 1.08e-5 3.97 8.24e-4 294 222e-5 3.99 1.25e-5 4.04 8.60e—4  3.02 1.79e-5 3.98
1024 6.87e-7 3.98 1.05e-4 297 1.39e-6 4.00 7.72e-7  4.02 1.07e-4  3.01 1.12e-6  4.00
4096 4.32e-8 3.99 1.32e-5 299 8.66e-8  4.00 4.79e-8  4.01 1.33e-5 3.01 7.02e-8 4.00
Table 3
Example 1: History of convergence of the HDG methods for o = 4.
Degree k  Mesh ne HDG-I HDG-II
llu — |7, [t — up|l e [lu — u [l e [l — |7, [lu — up [l e [l — 1ty | e
Error Order  Error Order  Error Order  Error Order  Error Order  Error Order
1 16 9.46e-1 - 7.13e-0 - 3.04e-0 - 8.72e-1 - 6.53e-0 - 2.68e-0 -
64 1.95e-1  2.27 327e-0 1.12 7.73e-1  1.98 241e-1 1.86 343e-0 093 6.47e-1  2.05
256 4.86e-2 2.01 1.65e-0 0.99 1.90e-1 2.02 5.60e-2  2.11 1.69e-0 1.02 1.55e-1  2.06
1024 1.22e-2 199 8.28e—-1 0.99 4.75e-2  2.00 1.36e-2 2.04 8.30e-1 1.02 3.83e-2 201
4096 3.07e-3  1.99 4.15e-1  1.00 1.19e-2  2.00 3.36e-3  2.02 4.11e-1  1.01 9.56e-3  2.00
2 16 1.89e-1 - 2.38¢e-0 - 7.67e-1 - 3.26e-1 - 3.71e-0 - 797e-1 -
64 2.67e-2 2.83 711e-1 174 9.69e-2 2.99 3.08e-2  3.40 7.93e-1 222 8.87e-2 3.7
256 3.25e-3  3.04 1.73e-1  2.04 1.20e-2  3.02 3.75e-3  3.04 1.90e-1  2.06 1.08e-2 3.04
1024 3.99e-4 3.03 421e-2  2.03 1.49e-3  3.00 4.63e-4 3.02 4.66e-2 2.03 1.35e-3  3.00
4096 4.92e-5 3.02 1.04e-2  2.02 1.86e-4  3.00 5.74e-5 3.01 1.15e-2  2.02 1.69e-4  3.00
3 16 3.90e-2 - 7.52e-1 - 1.58e-1 - 4.12e-2 - 7.67e-1 - 1.25e-1 -
64 2.65e-3 3.88 1.00e-1 291 1.04e-2 392 3.28e-3 3.65 1.13e-1  2.76 8.14e-3 3.94
256 1.70e-4  3.96 1.30e-2 294 6.76e-4  3.94 2.00e-4 4.04 1.40e-2  3.01 530e-4 3.94
1024 1.08e-5 3.97 1.67e-3  2.97 427e-5 3.99 1.23e-5 4.02 1.74e-3  3.02 333e-5 3.99
4096 6.84e—-7  3.99 2.10e-4  2.99 2.67e-6  4.00 7.67e-7 4.01 2.15e-4  3.01 2.09e-6 4.00
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Table 4
Example 1: The condition number ratio R of the global stiffness matrix as a function of k, n. and o for the HDG-II method.
Degree k Mesh n, Frequency
w=1 w=V2 w=2 W =2V2 w=4
1 64 1.0617 1.0417 1.0120 0.9672 0.8976
256 1.1361 1.1255 1.1102 1.0879 1.0554
1024 1.1632 1.1579 1.1503 1.1394 1.1238
2 64 1.0844 1.0730 1.0559 1.0295 0.9911
256 1.1415 1.1360 1.1279 1.1161 1.0986
1024 1.1615 1.1588 1.1549 1.1493 1.1412
3 64 0.9689 0.9619 0.9512 0.9347 0.9086
256 1.0352 1.0316 1.0264 1.0186 1.0070
1024 1.0556 1.0539 1.0513 1.0476 1.0423
1
0.5
0
-0.5
—1 . )
-1 -0.5 0 0.5 1

Fig. 3. The initial mesh for the L-shaped domain.

Table 5
Example 2: History of convergence of the HDG methods for w = 6.
Degree k Mesh h  HDG-I HDG-II
lu— w7, [l — | e [lo — u [l e lu— w7, llu — up | e [lo — [l e
Error Order  Error Order  Error Order  Error Order  Error Order  Error Order

1 1/4 6.48e-1 - 9.44e-0 - 3.90e-0 - 1.12e-0 - 1.45e-9 - 582e-0 -
1/8 9.43e-2 278 4.51e-0 1.07 5.5e-1 2.83 2.75e-1  2.03 5.14e-0 1.50 1.59e-0 1.87
1/16 2.22e-2  2.09 2.28¢e-0 0.98 1.26e-1 213 571e-2 227 234e-0 1.14 329%-1 228
1/32 558e-3  1.99 1.15e-0 0.99 3.14e-2 2.01 9.25e-3  2.63 1.14e-0 1.03 4.92e-2 274
1/24 1.40e-3  2.00 5.75e-1  1.00 7.82e-3  2.00 1.75e-3 240 567e-1 1.01 8.27e-3 257

2 1/4 1.08e-1 - 2.16e-0 - 6.26e-1 - 1.19e-1 - 238e-0 - 6.65e-1 -
1/8 7.19e-3 391 4.87e-1 215 3.79e-2  4.05 8.17e-3  3.87 546e-1 2.13 3.70e-2 417
1/16 7.51e-4  3.26 1.17e-1  2.06 3.95e-3 3.26 8.88e—4  3.20 1.33e-1 2.04 3.63e-3 335
1/32 9.04e-5 3.06 2.86e-2  2.03 4.88e-4  3.02 1.09e-4 3.03 329e-2 2.02 445e-4  3.03
1/64 1.11e-5 3.02 7.10e-3  2.01 6.11e-5 3.00 1.35e-5 3.01 8.17e-3  2.01 5.55e-5  3.00

3 1/4 521e-3 - 297e-1 - 2.92e-2 - 6.82e-3 - 3.52e-1 - 2.82e-2 -
1/8 337e-4 395 3.82e-2 296 1.94e-3 391 3.92e-4 412 4.27e-2  3.05 1.53e-3  4.20
1/16 2.13e-5 3.99 4.87e-3 297 1.21e-4  4.00 2.42e-5 4.02 5.24e-3  3.03 9.55e-5  4.00
1/32 1.34e-6 3.99 6.14e—-4  2.99 7.52e-6  4.01 1.50e-6  4.01 6.48e—4  3.01 5.96e-6  4.00
1/64 8.38¢e-8 4.00 7.70e-5  2.99 4.69e-7  4.00 9.36e-8  4.01 8.06e-5 3.01 3.72e-7  4.00

where f=],(wr)cos(a0) with r = /2 + y2 and 0 = tan"'(y/x). Here J, is the Bessel function of the first kind of order o.. We
choose o = 0 so that the exact solution is smooth.
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| S

Fig. 4. The plots of V x u, (left) and V x u;, (right) for @ = 5 (top), w = 10 (middle) and w = 20 (bottom). These results are obtained using h = 1/8 (for w = 5),
h=1/16 (for @ =10) and h = 1/32 (for w = 20) and the same polynomial degree k = 2.

We use structured triangular meshes that are refinements of an initial uniform mesh of 96 triangles as shown in Fig. 3.
Each refinement is obtained by subdividing every triangle into four smaller triangles. We say that the mesh has refinement



7170 N.C. Nguyen et al./Journal of Computational Physics 230 (2011) 7151-7175

Table 6
Example 2: The condition number ratio R of the global stiffness matrix as a function of k, h and w for the HDG-II method.
Degree k Mesh h Frequency
w=1 w=v2 w=2 w=2V2 w=4 w=4V2
1 1/4 0.9523 0.9312 1.8896 0.9250 0.8960 2.1259
1/8 1.0107 1.0002 1.9421 0.9623 0.9301 1.8670
1/16 1.0319 1.0267 1.9525 1.0085 0.9931 1.8423
1/32 1.0403 1.0377 1.9547 1.0288 1.0214 1.8392
2 1/4 0.9686 0.9573 1.0106 0.9155 0.8774 0.8538
1/8 1.0071 1.0017 1.0481 0.9822 0.9652 0.9397
1/16 1.0206 1.0179 1.0593 1.0086 1.0006 0.9890
1/32 1.0256 1.0242 1.0630 1.0197 1.0158 1.0103
3 1/4 0.8914 0.8840 0.8727 0.8555 0.8285 0.7850
1/8 0.9268 0.9233 0.9181 0.9105 0.8990 0.8815
1/16 0.9380 0.9363 0.9338 0.9303 0.9251 09174
1/32 0.9418 0.9409 0.9397 0.9380 0.9356 0.9320

level /if it is obtained from the initial mesh after we perform ¢refinements. Since our meshes are regular all elements have
the same size h = 1/2*2 which is the length of the shortest edge.

We first present in Table 5 the error and order of convergence of both HDG-I and HDG-II for @ = 6. We observe for both
HDG-I and HDG-II that uj, converges with order k + 1 in the L>-norm and with order k in the Hc”“(Th)—norm. We also see that
u;, converges with order k + 1 in the H“"(Q)-norm. These results are similar to those of the square domain problem. In order
to visualize the effectiveness of the local postprocessing scheme, we show in Fig. 4 the plots of both V x u, and V x u;, ob-
tained using HDG-II for w =5, 10, and 20. It is clear that V x u;, is superior to V x uy.

Finally, we report in Table 6 the condition number ratio R as a function of k, h and . Here the condition number ratio R is
defined as

C
 60(3k™ — 1)(wh) %’

where C is the condition number of the stiffness matrix G in (65) of the HDG-II method. We see that the condition number
ratio R is close to 1 except for the case k=1 at w =2 and w = 4v/2 where it is close to 2. We observe that for the range of
frequency considered here the condition number is proportional to (ch) 2 as k is fixed. It implies that the condition number
increases as the frequency w decreases if we keep both h and k fixed. These results are quite similar to those of the previous
example and demonstrate that the HDG-II method is computationally attractive for solving the time-harmonic Maxwell’s
equations.

7.3. The L-shaped domain problem with nonsmooth solution

We revisit the L-shaped domain problem described above. We follow [1,23] and choose « = 2/3 so that the exact solution
u resides in the Sobolev space H*>~¥(Q) for ¢ > 0. Hence, the exact solution is nonsmooth and indeed singular at the entrant
corner (0,0). In this example, we investigate two different types of meshes, namely, uniform meshes described earlier and
adaptive meshes shown in Fig. 5. These adaptive meshes are refined toward the entrant corner in order to capture the sin-
gularity of the exact solution. A summary of these meshes is listed in Table 7.

We present in Fig. 6 the errors in both the L2-norm and H®“"-norm versus the number of global degrees of freedom N for
the HDG-II method. Here N is equal to the dimension of the stiffness matrix G in (65). We make two important observations.
First, we observe that the errors in both the L?-norm and H®""-norm converge to zero at the rate O(h%*?) on uniformly refined
meshes. Although increasing the polynomial degree k leads to a decrease in the errors, the convergence rate remains O(h%3)
regardless of values of k. Our results agree very well with the previous results reported in [1,23] and demonstrate that p-
refinement strategy is not effective for problems with singular solutions. Second, we observe that the errors on adaptively
refined meshes converge at faster rate and are significantly smaller than those on uniformly refined meshes for the same
number of degrees of freedom. This demonstrates that h-refinement strategy is much more effective than p-refinement strat-
egy for this problem.

Finally, we would like to emphasize that our local postprocessing works well for this problem with nonsmooth solution
since it improves the accuracy of the approximate solution especially on adaptive meshes. In particular, we observe that
|lu — u; ||, is several times smaller than |ju — | 4 for the same mesh and polynomial degree. For instance, for the mesh
(c) in Fig. 5 and k = 1, we obtain ||t — uy|ye = 1.09 x 10> and ||u — u; || .« = 4.76 x 10"*. This demonstrates the effectiveness
of the local postprocessing, especially when it is combined with h-refinement strategy, for improving the accuracy and con-
vergence rate of the HDG solution.
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Fig. 5. Example 3: Sequence of adaptive meshes refined toward the entrant corner. The meshes in (a), (b) and (c) are used in computation for k = 1. The
meshes in (d), (e) and (f) are used in computation for k = 2. The meshes in (g), (h) and (i) are used in computation for k = 3.

8. Conclusion

We have presented two hybridizable discontinuous Galerkin (HDG) methods for the numerical solution of the time-har-
monic Maxwell’s equations. The first HDG method is developed for the mixed curl-curl formulation and is named HDG-I,
while the second HDG method is developed for the vector wave equation and is named HDG-II. The HDG methods retain
the strengths of standard DG methods and have the following advantages:

e The globally coupled unknowns are the approximate trace of the tangential component of the vector field for the HDG-II
method and, in the case of the HDG-I method, the approximate trace of the Lagrange multiplier. Since the approximate
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Table 7

Example 3: Summary of basic information of the meshes displayed in Fig. 5.
Mesh # Elements # Nodes # Edges Amin hmax
(a) 48 32 79 1.77e-1 1.0
(b) 540 295 834 6.90e—4 0.5
(c) 5746 2971 8716 2.70e—6 0.125
(d) 28 21 48 3.54e-1 1.0
(e) 108 65 172 2.21e-2 1.0
(f) 392 219 610 8.63e-5 0.5
(g) 28 21 48 3.54e-1 1.0
(h) 88 54 141 4.42e-2 1.0
(i) 274 157 430 1.73e—4 0.5

traces are single-valued across the inter-element boundaries, the HDG methods have considerably less globally coupled
unknowns than standard DG methods and thus result in significant savings in both the computational time and memory
storage.

The numerical solution can be postprocessed at the element level to yield a new approximate vector field which is
H“"(Q)-conforming and converges with order k + 1 in the H*“"'(©2)-norm for problems with smooth solutions. For prob-
lems with nonsmooth solutions, the local postprocessing is also effective in improving accuracy especially when it is com-
bined with h-refinement strategy.

Both the HDG methods perform well for a wide range of frequencies and produce similar convergence rate and accuracy.
Therefore, the HDG-II method is a method of choice since its global stiffness matrix is much smaller than that of the HDG-
I method. Furthermore, we observe by numerical experiments that for the low range of frequency considered in the
numerical examples the condition number of the stiffness matrix of the HDG-II method decreases as the frequency
increases. Moreover, the stiffness matrix is compact in the sense that only the degrees of freedom among neighboring
elements are connected. These features of the stiffness matrix make the HDG-II method very attractive for iterative solu-
tion methods [38].

Finally, we close by pointing out several possible extensions and directions for further research. First, we note that h/p-
refinement strategy is a better approach for problems with singular solutions because the correct combination of h- and p-
refinements can yield exponential convergence rates, whereas h-refinement can only give algebraic convergence rates
[17,18,24]. Therefore, it is natural to extend the current approach to h/p-refinement. Another possibility is the enrichment
of the polynomial spaces with non-polynomial basis functions to represent the approximate solution in order to capture sin-
gularities and discontinuities. The HDG methods lend themselves very flexible for incorporating non-polynomial functions
into the approximation spaces because the enrichment can be done at the local solvers. We would also like to extend the
methods to eddy current problems on multiply connected domains [25], Maxwell’s eigenvalue problems and time-depen-
dent Maxwell’s equations.
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Appendix A. Proof of Lemma 3.2

Proof. We first note that the local solvers (24) can be expressed explicitly as follow. The first local solver is given by
(ﬂwﬁ'vr)x — (U, V x r)z( = (1,1 x M)y,
(Vxwl o), + (tu} xn,vxn),, — (pl.V-ev), — (c’ul,v), = (T, v x M)y, (A1)
(V- e, q) + (Tabj €4) 5 = 0;

the second local solver is given by
(luwfl‘/r)l( - ("ivv X r)l( =0,

(Vxw, o), + (T, xn, v xn), — (p;,V-€v), — (€’ v), = —(e,v-m),, (A2)

(V : 6"%,7 q)K + <Tnpﬁ, 6q>a1< = (Tal, €q) 51



N.C. Nguyen et al./Journal of Computational Physics 230 (2011) 7151-7175

10

e — % — 1
—a—fk =2 —a—k =2
——k =3 ——k =3
2
& 10
= =
3 3
| |
2 2 .
- 10 1
107 1
4
1 1 -10 1 1 1
10 10° 10* 10° 10° 10"
N N
(@) (d)
T T sy i i ' ——k=1
——f =2 —a—f =2
10 —e—k:3_ 10" ——k =23
T =
3 5
| | 107 E
3 32
107 1
107 1
1 1 1 1 1
10° 10* 10° 10° 10
N N
(b) (e)
— T T -1 T T T
101 ——Lk =1 10 ——k =1
——k =2 —a—k =2
——k =3 ——k =3
o -2
. s 102 i
s s
= =
3 3
| |
3 3 .
— 107 1 T w0 ;
10° 10 10 10° 10
N N

(c)

-1

107

(f)

7173

Fig. 6. Example 3: Plots of the errors in the L?>-norm and H*“"-norm for uniform meshes (left) and adaptive meshes (right) versus the number of global
degrees of freedom N for the HDG-II method. Results in (a), (b) and (c) are obtained on uniformly refined meshes described earlier, while results in (d), (e)
and (f) are obtained on adaptively refined meshes displayed in Fig. 5.
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and the third local solver is given by
(), 0¥ <7), =0
(V x W, v)K + <ffu’;, XM, v x n>0K - (p’,'l,V : ev)K - (6w2u{,, v)K = (j, ), (A3)
<V . eu’,q)K + <‘cnp{1, eq>0K =0.

We use the above local solvers to prove the identities in (28) as follows.

The first identity I; = —<n X wﬁ + r[((ufl)'f — :),1]>0Th can be derived as follows
I = (uwf, W), — (V< wi) (o) ~¢)m)

o+ (we(() &), ()"~ )

= (W), — (ecru,ut) o+ (e ), + (7 (1)), ()" ),

by the first, second, and third equations of the local solver (A.1), respectively.

= (Wi W), — (0, V- eu) = (e uf)

For the second identity I, = —<n x WS+ 1 (u;)g, ”>97 we note that
h

L= (pwlw),, — .V xow)), — (n(u) o) = @V xow]), — Y xow]), — (n(u))’ )

aT,
by the first equation of (A.1) and the first equation of (A.2), respectively. Then we have
L= (cw’ul,uf), + (pl, V- > ()" (u)*) - @V xw),
h
= (ew’uj uf) <1:t Q>m + (Pl V- euf), — (€o’ujug),
+ <‘L’t ul)” Q> pVoau), +(eo.up-m),
= (tup}), epa>m (ol epmn + (tab} €0) 1, + (€0 (W) -m)
by the second equation of (A.1), the second equation of (A.2), and the third equation of (A.1) and (A.3), respectively.
For the third identity I3 = —<n X WL + rt(ug)j, q>0T we note that
h
_ N oaasd — " j _ £\ _ (48 il — " j _ t\J
I = ('uwh’M)Th (uh’v x WIh)T,, <Tt(uh> ’”>87h N (ui"v x Wh)T,, (uh’v x M’)T,, <Tt(uh> ’”>37,,
by the first equation of (A.1) and the first equation of (A.3), respectively. Then we have
_ 2.0 1 el _ o\ e\ {4 j
I = (6&) uh"uDT,, + <ph’v 6“")7,] <Tt(uh) 7(uh) >0T,1 (u“’v x M’)Th
_ 2001 o4 - NI (gt \ Ul el _ I |
(o), () ), (L5 ), (coutoh),
+(me)" () (ol Vo) G,
- <T"pz’ Ep{1>0K B <’5an, 6p£>al< B (i’uZ)Th

by the second equation of (A.1), the second equation of (A.3), and the third equation of (A.1) and (A.3), respectively.
The last three identities in (29) can be easily derived in a similar manner. This completes the proof. O
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